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1. Introduction

Let N, be a closed nonorientable surface of genus g > 2. Note that N, is obtained from S? embedded in
R? and by removing the interiors of g-disjoint disks and identifying the antipodal points on the boundary
of each removed disks, called crosscap shown in Fig. 1. The mapping class group Mod(N,) is defined to be
the group of isotopy classes of all diffeomorphisms of IV,. The first homology group Hi(Ny; Z) is generated
by {z1,2,..., 24}, where x; for 1 < ¢ < g are the homology classes of one-sided curves as depicted in
Fig. 1.

The Z,-homology classes Z; of these curves form a basis for Hy(Ny;Z/2Z). The Zs-valued intersection
pairing is a symmetric bilinear form (,) on H;(Ny;Z/2Z) satistying (%;,T;) = d;; for 1 < 4,j < g. For
more on automorphisms of Hq(Ny;Z/2Z) and Zs-valued intersection pairings we refer the reader to [2].
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Fig. 2. The crosscap slide Y}, .

@ Fene .

Fig. 3. The curves a;, and ay for I = {i1,42,...,%k}.

Let Iso(H1(Ng;Z/2Z)) be the group of automorphisms of Hi(Ny;Z/2Z) which preserve (,). The level
2 subgroup T'3(Ny) of Mod(Ny) is the group of isotopy classes of diffeomorphisms which act trivially on
H,(Ngy;Z/27). Tt fits into the following short exact sequence:

1 — T'y(Ng) — Mod(N,) — Iso(H(Ng; Z/2Z)) — 1.

For a two-sided oriented simple closed curve « and a one-sided simple closed curve p which intersect in one
point, let K denote a regular neighborhood of u U « that is homeomorphic to the Klein bottle with a hole.
Let M C K be a regular neighborhood of p, which is a Mdbius strip. We define the crosscap slide (also
called Y-homeomorphism) Y,, o as the self-diffeomorphism of N, obtained from sliding M once along o and
fixing each point of the boundary of K (Fig. 2). If a is a two-sided simple closed curve on Ny, to define the
Dehn twist T,, it needs to be fixed one of two possible orientations on a regular neighborhood of a (as we
did for the curve «;y in Fig. 3).

For I = {iy,42,...,ir} asubset of {1,2,...,¢g}, let oy and «;, be the simple closed curves shown in Fig. 3.
Throughout the paper, we introduce the following notations:

e (v R o )
Ay ia,... ik Qi in,. ik}

® Yiisio, i = Yauiaq, 4,0, 10T k is even,
® Tiyin,i,. = Toz{il igerin} for k is even.

Szepietowski proved that I'y(INy) is equal to the subgroup of Mod(Ny) generated by all crosscap slides |3,
Theorem 5.5]. Moreover, he proved that I's(Ny) can be generated by (infinitely many) involutions [3, Theo-
rem 3.7). In [4], Szepietowski also gave a finite set of generators for I's(N,). Later, Hirose and Sato reduced
the number of generators of I's(N,), their generating set is as follows [1, Theorem 1.2].
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Fig. 4. The curves &; ; and & ;5 for 1 <i < j < k.

Theorem 1.1. For g > 4, the level 2 subgroup I's(N,) is generated by the following two types of elements:

(1) Y forie{1,2,...,9g—1}, j€{1,2,...,9} and i # j;
(2) TZ, 5 for1<i<j<k.

Note that when g = 3, the group I';(V3) is generated only by the elements of type (1). Hirose and Sato [1,
Theorem 1.4] also showed that for g > 4

Hy(Ta(Ny); Z) 2 (2,/22) 8+,

which in turn implies that the above generating set is minimal.

In this paper, our purpose is to give a minimal generating set of involutions for the level 2 subgroup
Ly (Ng)~

Acknowledgments. The paper was partially supported by the Scientific and Technologic Research Council
of Turkey (TUBITAK) [grant number 120F118].

2. A generating set for I'z(INy)

Let us start this section by introducing bar notation for two-sided simple closed curves. In the remainder
of this paper, let @y ; ;x and @; ; be two-sided simple closed curves depicted in Fig. 4. Observe that when
we put a bar over a two-sided simple closed curve it passes below the in-between crosscaps. For the ease of
notation, we also use the following notations:

d Yi,j = Yaq‘,;ﬁi,j’
i Tl,i,j,k - Tal,i,j,k'

Recall that T'a(IV,) is generated by all crosscap slides [3, Theorem 5.5]. Let ) and ) be the subgroups of
['5(N,) generated by elements of the form Y; ; and Y, ;, fori € {1,2,...,9—1}, 7 € {1,2,...,g} and i # j,
respectively.

Lemma 2.1. The subgroups Y and Y are equal to each other.

Proof. Let us first show that ) C ). For ?M € ), if we assume that | i — j |= 1, since

Yiit1=Yiir1and Y 1 =Y 5
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o1

-1
¥ i+1.i+.§) +2.a+3

. -1 —1 _
Fig. 6. Y,y ;1 3Y o sys(ai, oiigs) = (o, @i iqs)-

foralli=1,2,...,g—1and j =1,2,...,9 — 2, we have Y, ; € V. Assume now that | i —j [> 1: For i < j,
let us first consider the case j — i = 2. It is easy to verify that

— 1 _
Y¢+1,¢+2(Oéu Qi) = (@i, @i iy2),

foralli=1,...,9 — 2 (see Fig. 5). Using Y4142 = Yit1,i+2 € Y, we have

—1 —
Yiita =Y, {1 40Yiit2Yiv1i42 € V.
For the case j —i = 3, one can see that (see Fig. 6)

——1 ——1 _
YiitivsYiv2irs(i, its) = (o4, @iits).
Now, since 7”2,”3 and 7i+1,i+3 are all contained in Y we have

— ——1 ——1 ——1 ——1 1
Yiiva = Yip143Yir2i03)Yiirs(Yif1i03Y iv2i43) €Y

fori=1,...,9 — 3. For the remaining ¢ < j cases, one can see that

— —1 ——1 ——1 —1 ——1 ——1

Yi,j = (Yi+1,jyi+2,j T ijl,j)yvi’j(YH»l,jYiJrZ,j e ijl,j)_l ey

foralli=1,...,9—1,j=1,...,g.
Now, we consider the cases where i > j. For ¢ — j > 2, we have (see Fig. 7)

Yio1i—o(i, aimos) = (0, @i—2)-

Using 71-,1,,»,2 eYfori=3,...,9—1, we get

—1
Yiio=Yi 1,22, 1, 2 €.

As before, for alli=1,...,g—1and j=1,...,9 — 2, we have
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Fig. 7. Y1 i—2(ai, aim2,s) = (0, ®i—2,i)-

o)
Y

Vii=ic1j Y1)V (Yicr,; - Yip) L €.

Fig. 8. The reflection R.

Thus, ?i,j € Yforl <j<i<g. Since we cover all the cases, we have shown Y C V. For the reverse
inclusion, note that we have the following equalities

—1 ——1 1~ ~—1 -1 - .

v, Vi1 Y1) 1Yi,j(Yi+1,j"'Yj71,j)7 ifi <y, )
LV — - - L
Yiorj Y1) Vi j(Yicry - Yjeng), ifi >,

which immediately imply that ) CY. O
Next, we present a minimal generating set for the level 2 subgroup I's(Ng) (cf. [1, Theorem 1.2]).

Theorem 2.2. For g > 4, the level 2 subgroup I's(N,) can be generated by

(1) 7§,j forie{l,...,g—1},j€{l,...,9} and i # j,
(2) Tq, k5 for1<i<j<k.

Proof. Let G be the subgroup of I';(N,) generated by the elements given in (1) and (2). Since by Lemma 2.1
we have Y = ), it is enough to prove that Tf’m-,k is contained in the subgroup G for 1 < i < j < k.
It is easy to check that

Yi1j Yit2;Yie1,; (@) = a1k

Thus
= — = —2 — - = _
T2 = Vi Yiro Vi )16 (Vi1 YigoVigr) ' €G
for 1 <14 < j < k. This completes the proof. O

3. Involution generators for I'z(INg)

In this section, we give a generating set of involutions for I's(IV,). Throughout this section, consider the
surface N, as shown in Fig. 8 so that it is invariant under the reflection R about the indicated plane. Note
that, R acts trivially on H;(Ny;Z/27), which implies that it is an element of the subgroup I's(N).

Proposition 3.1. For g > 4, the group I's(Ny) can be generated by
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(1) R,
(2) RY;; forie {%,...,g—l}, je{l,...,g} and i #j,
(8) RY 1Y, s Ty, 5 for1<i<j<k.

g, Qj

Proof. Let G be the subgroup generated by the elements listed in the statement of the proposition. Since
the subgroup G contains R and R?Z-J-, it also contains

Yi; = R(RY,;)

forie{l,...,g—1},j5€{l,...,9} and i # j. Recall that ) is generated by such elements, hence J C G.
By Theorem 2.2, it remains to prove that Tl,z’,j,k also belongs to G. Now, it is easy to see that G contains

— -~ —2 — _ =2
YiiYole Tian=RBY 1Y e T i)

g, 0k QG k

The elements Y, are contained in Y = ) by [4, Lemma 3.5] and Lemma 2.1. Since the elements Y ;

kO

are also contained in G, one can conclude that Tii’j,k € G for 1 < i < j <k, which finishes the proof. O

Lemma 3.2. The reflection R can be expressed as a product of finitely Y -homeomorphisms. In particular
R= ?gflﬁsJ?g*?,g o '?1,9~

Proof. It follows from the proof of [3, Lemma 3.4] that R can be written as

R= Ygfl,g(Tojgl_l_,gyg*lg*lTagfl,g) (T

Qit1,i42 ..Tagfl,g)_l
}/i,i+1(Tai+1,i+2Tai+2,i+3 e Tagfl,g) e (Ta2,3 T Tagfl,g)_lyrl,Q(Taz,a e Tagfl,g)'

T

Qg2 i+3

It is easy to see that

1 _ =
(Tai+1,i+2T0¢i+2,i+3 e Tagfl,g) (aiv Oéi,i—i-l) = (061, 04179)7
from which we obtain
v —_— _1 .. ...
Yi,g - (Tai+1,i+2Tai+2.i+3 o Tagfl,g) )/7/»7/"1‘1(Tai+1,'i+2T(¥i+2,'i+3 Tagfl.g)’

for i € {1,...,9 — 1}. This completes the proof. O

Next, we show that the elements mentioned in Proposition 3.1 are all involutions. We already know that
the reflection R is an involution.

Lemma 3.3. If g > 4, then the elements R?i[jl are all involutions for i € {1,...,9—1}, j € {1,...,g9} and
i .

1 ——

Proof. It is enough to see that R(a;, @ ;) = (o ", @ ). O

Lemma 3.4. If g > 4, then the elements R?MY_l Tim}k are all involutions for 1 <1 < j < k.

QO )
Proof. First of all, it is easy verify that

R(1, @) = (Ei%,&;i) and R(ay,ar) = (a; ' a;h).
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Then we have the following:

RY Y 's R =YY

QL0 Oj,k

——1
= Yl,ia

a0k

where the last identity follows from the commutativity of crosscap slides Y1 ; and Yo, 4, ,. Observe that,
this implies R?l,iya;%aj . is an involution. Moreover, since

T g
RY 1Y, @uign) =0,

= =2
it follows that RYLZ-YJ;EJ_ o1 j ks 1s also an involution. O

Finally, we present our involution generators. Note that in the following, the number of involution gen-
erators is equal to (-‘2’) + (g) which is the minimal possible number of generators for I's(N).

Theorem 3.5. For g > 5 and odd, T's(N,) is generated by the following involutions:
— ——1 — ——1

(1) Rzl’g,Rng,...,RYg_g’g,RYg_l)g,

(2) RY;; fori,je{l1,2,...,9—1} and i # j,

(3) RY 1Yty Ti,ipforl<i<j<k.

g, 0k

For g > 4 and even, I'y(Ny) is generated by the following involutions:

— E— ——1

(1) B, RY 1,4, RY 30, ,RY g,

2) RY,; fori,je{1,2,...,9—1} and i # j,
»J

(3) RY 1Yty T,y forl<i<j<k.

kR, 0k

Proof. Let G denote the subgroup of I's(N,) generated by the elements listed in Theorem 3.5. It follows
from Lemmata 3.3 and 3.4 that the generators of the group G are involutions.
Let us first assume that g > 5 and odd. Since we have

RY;, = RY,,R"'R=R(RY,,) 'R,

by Proposition 3.1, it is enough to prove that R is contained in the subgroup G. It follows from Lemma 3.2
the reflection R can be expresses as

R = 79*1’9?97219 o '71,9
— R2?gfl,g7972,gR2?973,g e R2?2,g?1,g
o1 o ——1 o1 —
— RY,', RV, »,RY,'s R-- RY; RV,
which is contained in the subgroup G using RY'; ; R=Y,,.

Assume now that g > 4 and even. In this case, by Proposition 3.1, it suffices to show that the subgroup
G contains the element 79,1’9. The following element is contained in the subgroup G:

— _ 1 — — — —
RYg—Q,gRYg—B,g o RY2,gRY1,g = R2Y9—279Yg—37g T R2Y279Y17g
= 79—2 LJ?q—?»,g?g—&g o '?279?1,9’

X {
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using again RY; gl R =Y, . One can conclude that Y,_; , € G since R € G by Lemma 3.2, which finishes
the proof. O

References

[1] S. Hirose, M. Sato, A minimal generating set of the level 2 mapping class group of a non-orientable surface, Math. Proc.
Camb. Philos. Soc. 157 (2) (2014) 345-355.

[2] J.D. McCarthy, U. Pinkall, Representing Homology Automorphisms of Nonorientable Surfaces, Max Planc Inst., 2004,
preprint MPI/SFB 85-11, revised version written in 2004, Available at http://www.math.msu.edu/mccarthy.

[3] B. Szepietowski, Crosscap slides and the level 2 mapping class group of a nonorientable surface, Geom. Dedic. 160 (2012)
169-183.

[4] B. Szepietowski, A finite generating set for the level 2 mapping class group of a nonorientable surface, Kodai Math. J. 36
(2013) 1-14.


http://refhub.elsevier.com/S0166-8641(24)00067-1/bib789406D01073CA1782D86293DCFC0764s1
http://refhub.elsevier.com/S0166-8641(24)00067-1/bib789406D01073CA1782D86293DCFC0764s1
http://www.math.msu.edu/mccarthy
http://refhub.elsevier.com/S0166-8641(24)00067-1/bib0D63C12E20F8C1CAC499FBDC76D1108Ds1
http://refhub.elsevier.com/S0166-8641(24)00067-1/bib0D63C12E20F8C1CAC499FBDC76D1108Ds1
http://refhub.elsevier.com/S0166-8641(24)00067-1/bibF9BBF429F05E9F345B1A2BD6AB96E384s1
http://refhub.elsevier.com/S0166-8641(24)00067-1/bibF9BBF429F05E9F345B1A2BD6AB96E384s1

	Generating the level 2 subgroup by involutions
	1 Introduction
	2 A generating set for Γ2(Ng)
	3 Involution generators for Γ2(Ng)
	References


