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Abstract: In the present work, some new subclasses of analytic and univalent functions are introduced and some
geometric properties such as coefficient estimates problem are studied for them. Furthermore, we show that our results

are generalization for some earlier work in the literature and we show this by comparing ours with those related.

Key words: §— close-to-starlike, d— close-to-convex, d— quasistarlike, d— quasiconvex, symmetric point, complex order

1. Introduction and preliminaries

Let A be the class of analytic functions in the open unit disk U = {z € C: |z| < 1} given by the following

series expansions:

(2 :z—|—a222—|—a3z3—|—a4z4—|—-~-+anz”+~-~=z+2anz", a, € C. (1.1)
n=2
The class A is known as the class of normalized functions with normalization conditions f (0) =0 and f’ (0) =1
in the literature. The subclass of all univalent functions of A is denoted by S (see [16]). Many mathematicians
were interested in coefficient estimates for this class. Within a short period, in 1916, Bieberbach [8] published
a paper in which the famous coefficient hypothesis was proposed. There were a lot of papers devoted to this
conjecture and its related coefficient problems (see [5-7, 9-11, 13, 15, 17-23, 25, 26]).
It is well known that the starlike and convex function classes defined on the open unit disk U are defined
analytically as follows:

* 2f'(z zf’z/
S :{feS: Re(){(g)))m,zeU} and C:{feS: Re((m(zi))w,zeu}.

Now let us define some subclasses of S.

Definition 1.1 For g € (0,1], 6 € (0,1], and 7 € C — {0}, the function f € S is said to be in the class
S*(0,8,7), which we will call §— starlike function class with respect to symmetric points of complex order
7 (1 € C—{0}), if the following condition is satisfied:

1 [2 [(1=90) f(2) + 621" (2)]
T f(z) = f(=2)

—1”<ﬁ7zeU;

*Correspondence: nizamimustafa@gmail.com
2010 AMS Mathematics Subject Classification: 30C45, 30C50, 30C80

1127

This work is licensed under a Creative Commons Attribution 4.0 International License.


https://orcid.org/0000-0002-5868-1780
https://orcid.org/0000-0002-2758-0274

ALTINTAS and MUSTAFA /Turk J Math

that is,

1 {2 [(1=0) f(2) + 62" (2)]

s ={ress |2 [P I - <ps o).

Definition 1.2 For 8 € (0,1], 6 € (0,1], and 7 € C — {0}, the function f € S is said to be in the class
C(6,8,7), which we will call §— convexr function class with respect to symmetric points of complex order
T (1 € C—A{0}), if the following condition is satisfied:

< B,z e U,

1 [2 (-0 f () 4028 ()] 1}
T (f () = f(=2))

that is,

C(6,8,7)= {feS

1 [2 (-0 f () 4028 ()] 1]
(f(2) = f(=2)

< B,z € U} .
-
Definition 1.3 For 8 € (0,1], ¢ € (0,1], and 7 € C — {0}, the function f € S is said to be in the class
KS* (4,8,7), which we will call §— close-to-starlike function class with respect to symmetric points of complex
order T (1 € C—{0}), if the following condition is satisfied:

(atst Y| <ae
that is,
KS*((S,ﬂ,T){feS: i(g(;f(;)(_z)1>'<ﬁ,zeU},ges*(5,5,r).

Definition 1.4 For g € (0,1], 6 € (0,1], and 7 € C — {0}, the function f € S is said to be in the class
KC (6,8,7), which we will call §— close-to-convex function class with respect to symmetric points of complex
order T (1 € C—{0}), if the following condition is satisfied:

1 2re) 1]
2))

,2 € U;
v Lg(z)—g(— <fhee

that is,

1 [qu B 1]
T (g(2) —g(~2))

Definition 1.5 For 8 € (0,1], ¢ € (0,1], and 7 € C — {0}, the function f € S is said to be in the class

QS* (6,8,7), which we will call §— quasistarlike function class with respect to symmetric points of complex order
7 (1 € C—={0}), if the following condition is satisfied:

1{ 221" (2)
7 19(2) —9(=2)

KC’((S,B,T)—{feS:

<ﬂ,Z€U},g€C(5,B,T).

—1”<ﬁ,z€U

that is,

QS*(é,ﬂ,T)z{feS:

Z)—1”<ﬂ,zeU},g€S*(5,ﬁ,7’)-
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Definition 1.6 For g € (0,1], 6 € (0,1], and 7 € C — {0}, the function f € S s said to be in the class
QC (6,8,7), which we will call §— quasiconvex function class with respect to symmetric points of complex order
7 (1 € C—A{0}), if the following condition is satisfied:

1 l CF ) 1]
)

< pB,zeU;
T1(9(z)—g(~= ’

that is,

C(,8,1)= S
QC (4,8, 7) {fe et -9z

1 l (/) 1]
)

<6,zeU},g€C(5,6,7).

Remark 1.7 In the case 6 = 1 from the Definition 1.1 and Definition 1.2, we obtain the following classes, which

we will call starlike and convez function class with respect to symmetric points of complex order 7 (t € C —{0}),

respectively:
* = i 2=fe)
st (8,1)={fes: T[f(z)ff(le) ]| <8,zev},
_ P HC) .
C(ﬂ,T)—{fES. T{(f(z)f(z)), 1”<5,26U}.

Remark 1.8 Toking T =1 in the Definition 1.1 and Definition 1.2, we obtain the following classes, which we

will call §— starlike and d— convex function class with respect to symmetric points, respectively:

2[(1-8) f(2)+52"(2)]
O —— 1‘ <B,z€ U} )

2[1-0)f(2)+ozf'(2)]
TE—1— 1‘ <hze U} ‘

S*(é,ﬂ):{fGS:
C(&ﬁ)z{feS:

Remark 1.9 Setting =1 and § = 1 in the Definition 1.1 and Definition 1.2, we obtain the classes

* _ . QZf/(Z)

s (8)={res: lif(z)_f(_zl)71’<6,z€U},
_ | 2Gre)

C(ﬂ){fes. ‘(f(z)_f(_z)), 1‘<6,zeU},

which we will call starlike and convex function class with respect to symmetric points, respectively.

Remark 1.10 In the case § =1 from the Definition 1.3 and Definition 1.4, we obtain the classes

) _ e 2f(z) B ‘(8
KS (ﬂm)—{feS. T{g(z)_g(_z) 1”<6, GU},geS (8,7,
1 2f' (2)
KC ,T = S: - —/_1 )Z U 9 C 77—7
(8,7) {fe T[(g(z)g(z)) ] <Bze }ge (B:7)

which we will call close-to-starlike and close-to-convex function class with respect to symmetric points of complex

order T (1 € C—{0}), respectively.
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Remark 1.11 In the case T =1 from the Definition 1.3 and Definition 1./, we obtain the classes

2f (2)

ks @)= {res: [T -]

<5,zeU},g€S*(67ﬁ),

26'(z)
(92) = 9(=2)

which we will call §— close-to-starlike and d— close-to-conver function class with respect to symmetric points,

KC(ﬂ):{feS:

<B,Z€U}7960(5,ﬂ),

respectively.
Remark 1.12 In the case § =1 and T =1 from the Definition 1.3 and Definition 1.4, we obtain the classes

2/ (2)

K@) ={res: ’Mm‘l\

<B,zeU},geS*(6),

26
(9(z) — g (—2))

which we will call close-to-starlike and close-to-convex function class with respect to symmetric points, respec-

KO(,B):{feS:

<6,ZGU}7960(6)7

tively.

Remark 1.13 In the case § = 1 from the Definition 1.5 and Definition 1.6, we obtain the following classes,
which we will call quasistarlike and quasiconvex function class with respect to symmetric points of complex order
7 (1 € C—{0}), respectively

QS*(B,T):{feS: ‘i [g(j)zi/g(?)_z)—lﬂ<5,zeU}7geS*(ﬁ,T),

QC(B,T)—{feS:

1[ (=1 (2)) /1]
T L(g(2) —g(=2))

<ﬂ,zeU},geC(ﬁ,7).

Remark 1.14 Setting 7 =1 in the Definition 1.5 and Definition 1.6, we obtain the classes

221" (2)

Q5™ (6,8) = {f651 ’g(z)g(z)

—1‘ <ﬁ,zeU},geS*(M),

2:/'(2)
(9(2) —g(=2))

which we will call 0— quasistarlike and 6— quasiconvex function class with respect to symmetric points, respec-

QC(&ﬁ):{fES:

<B,zeU},geC(6,ﬁ),

tively.

Remark 1.15 In the case § =1 and 7 =1 from the Definition 1.5 and Definition 1.6, we obtain the classes

as 9 ={res: |- 2L il <sicufges ),

9(2) =g (=
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2/'(2)
(9(2) —9(=2))

which we will call quasistarlike and quasiconvezr function class with respect to symmetric points, respectively.

QC(,B):{feS: <B,zeU},geC(ﬁ),

The classes of starlike, convex, close-to-starlike, quasistarlike, close-to-convex, quasiconvex function classes are
studied in [1-4]. The casses of starlike, convex, close-to-convex, quasiconvex functions with respect to symmetric
points are studied in [12, 14].

In this paper, we give some coefficient estimates for the classes S* (6,8,7), C (6,8,7), QS*(4,5,7),
QC (4,8,7), KS*(6,8,7) and KC (6,8, 7). Additionally, the results obtained for specific values of the param-

eters in our study are compared with the results in the literature.

2. Coefficient estimates for the classes S* (6,8,7) and C (4,5, 7)

In this section, we examine the coefficient estimates problem for the classes S* (9,5, 7) and C (4,5, 7).

Firstly, we give the following theorem on the coefficient estimates for the class S* (9, 5, 7).
Theorem 2.1 If f € S*(4,58,7), then for each n =1,2,3,4,... are provided the following inequalities

2Ty I7[ B+ (k — 1) 0]

i li7] 5+ (k= 18]

< < .
2l < G o — 1) o] (n — Tyion-T ¢ ozl < nlon 21)
Proof Let f e S*(4,8,7), 6 €(0,1], 8 €(0,1], and 7 € C—{0}. Then,
2[(1 —9) f(2) + 6zf" (2)]
Re >1—|7|8.
FO—1(-2) "
Let’s
2[(1—4) f(2) + 62" (2)] 2 3 4
= = 1 e,
= (=) h(z) + hiz+ hoz® + hgz® + haz™ +
From this equality, we can write for each n =1,2,3, ...
[1 + (27’L - 1) (5] Aoy = Z hz(n,k)+1a2k,1 and 2n(5a2n+1 = Z hg(n,k+1)a2k,1. (2.2)

k=1 k=1

Using triangle inequality and inequalities |h,| < 2|7| 8, which are provided for all n = 1,2,3,4,... (see
[24]), to the equalities (2.2), we obtain the following inequalities for each n =1,2,3, ...

14 (2n—1)4]|az.| < 2|7 BZ lagk—1| and né |agn 1| < |7 BZ lagk—1] - (2.3)
k=1 k=1

From these inequalities, we get

1+ (20— 1) 0] jaza] < 2178 (Hk:2 |5+ (k —1)o] |a2n1|> , (2.4)

(n —2)1on—2
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n—1
S|+ (k=1)¢d
nd |azn41| < |7| B8 (Hk_z(yl _‘ 2)!5EL—2 ) + |a2n—1|> (2.5)
for each n=1,2,3,... .
Then, inductively we obtain that
| < 2IDes I8+ (= 1)
=T+ (2n—1)68] (n— 1)len1
for each n =1,2,3, ...
Similarly from the inequality (2.5), we obtain the following inequalities for each n =1,2,3, ...
[Tioi 7] B+ (k—1) 4]
‘a2n+1| S k=1 nlon .
Thus, the proof of theorem is completed. O

For the specific values of the parameters in Theorem 2.1, we obtain the results for the classes S* (8, 7),
S*(6,8) and S*(B).
Since f € C (4,8,7) & zf™ (4, 8,7), the following theorem is the result of Theorem 2.1.

Theorem 2.2 If f € C (4,5,7), then

[l (7B + (k—1)0]
[+ (2n—1)6]nlon—1

[y [T B+ (k= 1)0]
(2n + 1) nlén

lag,| < and |agny1| <

for each n=1,2,3,4,... .

From the Theorem 2.1, we obtain the results for the classes C (8,7), C (4,3), and C (B).

3. Main results

In this section, we included the main results of our study.
Theorem 3.1 If f € KS*(6,8,7), then

211y I7[ B+ (k — 1) 0] (20n + 1) [Ty (7] 8+ (k= 1) 9]

|a2n| S and |a2n+1| S

(n —1)lon—1L nlom
for each n=1,2,3,... .
Proof Let f e KS*(6,8,7), f€[0,1] and 7 € C — {0}. Then, we have

2
Re—2TCG) oy
9(z) —g(=2)

where g € S* (4,8, 7) and given in the following form:

g(2) :Z+6222+b32’3+'":Z+an2n7 b, € C.

n=2
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For the function A : C — C defined as follows:

2f (%)

7:)\(Z):1+)\12+)\222+)\323+)\4Z4+...,
9(2)—g(=2)

we have ReA (z) > 1 —|7| 5 and |A\,| < 2|7| 5 (see [24]).

From the equality (3.1) for each n =1,2,3,..., we can write

n

Aoy = Z )\Q(n_k)+1b2k—1 and agpq1 = Z >‘2(n—k+1)b2k—1 +bong1 -
k=1 k=1

Using triangle inequality to the equalities (3.2), we obtain

n n
|azn| <2178 |bak-1| and |agns1] < 2|7| B [bok—1] + [bans1]
k=1 k=1

for each n=1,2,3,....

From the inequalities (3.3) and (2.1), we get

s k—1)6
|a2n| S 2 |T|B < k2(£|LTlB2)—|!_6£1_2 ) ] + |62n—1|> )

o 71 B+ (k—1) 4]
(n —2)lon—2

laont1| < 2|7| B ( + |b2n1|> + [bant1]

for each n =1,2,3, ... .

(3.1)

(3.3)

Using the inequalities (2.1) for the function g € S* (4,3, 7) in the inequality (3.4), we conclude that the

following inequality is provided

2Ty 718+ (k= 1) 4]
(n—1)lom—1

|a2n| S

foreach n=1,2,3,... .

Similarly from the inequality (3.5), we can obtain

(26n+ D [Ty 171 B+ (k= 1)5)

nlém

lagnt1]| <

Thus, the proof of theorem is completed.

From the Theorem 3.1, we obtain the following results, respectively.
Corollary 3.2 If f € KS*(8,7), then

2Ty (I7[ B+ K — 1] @2n+ DIy (I7[B+E—1]

‘a2n| S and |a2n+1| S

(n—1)! n!

for each n =1,2,3,4, ...
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Corollary 3.3 If KS*(0,0), then

2[[es [B+ (K —1)0]
(n—1)l5m—1

(20n + 1) [Ty [B+ (K —1) 4]
nlon

|a2n| S and |a2n+1| S

for each n=1,2,3,4, ...
Corollary 3.4 If f € KS*(f), then

@Cn+ DIl (B+k-1)
n!

|az,| < and |agn1| <

2[[eey (B —1)
(n—1)!

for each n=1,2,3,4, ...
Since f € KC (6,8,7) < zf™ (4, 8,7),the following theorem is result of Theorem 3.1.

Theorem 3.5 If f € KC (6,8,7), then,

< ey (I8 + (k1) 4]

nlon—1

(2n6 + ) TTp_y [I7] B+ (k —1) 4]
(2n 4+ 1) nlén

and |agny1| <

|lag

for each n =1,2,3,4,... .

From Theorem 3.5, we obtain the results for the classes KC (8,7), KC (4,5) and KC (53), respectively.

Now, let us give coefficient estimates for the functions belonging to the class QS* (5, 7).
Theorem 3.6 If f € QS* (8,7), then

[Ty [I71 8+ (k — 1) ]

nlon—1

(26n + 1) [Ty [I7] B + (k — 1) 8]
(2n + 1) nlé"

lagn| < and |agpy1| <

for each n =1,2,3,4,... .

Proof Let fe€QS*(8,7), B €0,1] and 7 € C—{0}. Then, we have

2 4
ReL(Z) >1— |78,
9(2)—g(=2)
where g € S* (6,8, 7) and given in the following form:
g(2) :z+b222+b3z3+---=z+anz”, b, € C.
n=2
For the function v : C — C defined as follows:
2 !/
) Y RO FRC SR (3.6)
9(z) —g(=2)

we have Rey (z) > 1—|7|5 and |vy,| < 27| 8 (see [24]).
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From the equality (3.6) for each n =1,2,3,..., we can write
2nag, = Z’YQ(n—k)Hb%—l and (2n + 1) agn41 = Z’YQ(n—k—i—l)bWCfl + bont1. (3.7)
k=1 k=1

Using triangle inequality to the equalities (3.7), we obtain

nlagn| < |78 [bax—1| and (2n+1) agni1| <2[7]8 D [bar—1] + [bant1] (3.8)
k=1 k=1

for each n=1,2,3,....
From the inequalities (3.8) and (2.1), we get

n—1 k— 5
nlag,| <|7|B ( k_Q(EJLTlé)—i;éEz—z D + |b2"—1|> J (3.9)

Py T8+ (k—1)4]
(n—2)lon—2

(2n + 1) lagni1| < 2[7] B < + |b2n—1|> + [b2n+1] (3.10)
foreach n=1,2,3, ... .
Using the inequalities (2.1) for the function g € S* (4, 5,7) in the inequality (3.9), we conclude that the
following inequality is provided for each n =1,2,3, ...
»ir k—1)8 |- k—1)8
oo < o] (Tt | iilrostecns)

718 Tezs [I718+(k=1)8][IT|B+(n—=1)8] _ [Tp_, [I7|B+(k—1)3].
(n—1)l5n—1 = (n—D)lon—1 3

that is,
iy li71 6+ (k= 1))

[a2n] < nlyn—1

Also, similarly from the inequality (3.10) we can write:

21Ty [I71B+(k=1)d]

(271 + 1) |a2n+1‘ S n—1)167—1 + |b2n+1‘ S
(26n41) [TE_q [I7]B8+(k—1)d]
nlon ’

which equivalent to

(20n+ D [Ty (I71 8+ (k= 1) ]

n <
[@2n1] < (2n + 1) nlé"

Thus, the proof of theorem is completed. O

From Theorem 3.6, we obtain the following results, respectively.
Corollary 3.7 If f € QS* (B8,7), then

[y ([ B+E—1)

n!

[Ty (B+E—1)

n!

|a2n| S and |a2n+1| §
for each n =1,2,3,4, ...
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Corollary 3.8 If f € QS*(,8), then

[y (B + (k= 1) 0]

nlon—1

(20n + DTy [+ (k= 1) ]
(2n + 1) nlon

|a2n‘ S and \a2n+1| S

for each n =1,2,3,4, ...

Corollary 3.9 If f € QS*(53), then

[T, (B+E—1)

and |agn41| < ,
n:

|a2n| é

[T (B+Ek—1)
n!

for each n =1,2,3,4, ...

Since f € QC (6,8,7) & zf"™ (8,7), the following theorem is result of Theorem 3.6.

Theorem 3.10 If QC (0,5,7), then

ey (I8 + (k1) 4]

2n - nlon—1

(2nd + 1) TTp_, (|78 + (k — 1) ]
(2n + 1) nlén

lasn| < and |agny1| <

for each n=1,2,3,4,... .

From the Theorem 3.10, we obtain the results for the classes QC (8,7), QC (4,8), and QC (B).

[5]

[6]
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