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Abstract In this paper, our aim is to extend our earlier work
[Ahmed et al. in Eur. Phys. J. C 76:280, 2016], investigating
an axisymmetric plasma flow with angular momentum onto a
spherical black hole. To accomplish that goal, we focus on the
case in which the ideal magnetohydrodynamic approxima-
tion is valid, utilizing certain conservation laws which arise
from particular symmetries of the system. After formulating
a Hamiltonian of the physical system, we solve the Hamil-
ton equations and look for critical solutions of (both in and
out) flows. Reflecting the difference from the Schwarzschild
spacetime, the positions of sonic points (fast magnetosonic
point, slow magnetosonic point, Alfvén point) are altered. We
explore several kinds of flows including critical, non-critical,
global, magnetically arrested and shock induced. Lastly, we
analyze the shock states near a specific quantum corrected
Schwarzschild black hole and determine that quantum effects
do not favor shock states by pushing the shock location out-
ward.

1 Introduction

Black holes are one of the enduring predictions of Einstein’s
theory of general relativity (GR). For more than 50 years
after GR was proposed, black holes (BHs) remained a math-
ematical curiosity, which led theorists to find several new BH
solutions by solving Einstein’s field equations and a few basic
gravitational collapse models [1]. However, in the 1970s and
1980s, there first appeared empirical evidence for the exis-
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tence of stellar mass BHs with the observations of the Cygnus
X-1 binary system [2–4]. Further, the detection and contro-
versy of mysterious quasars in the 1960s led to the idea of
supermassive black holes due to their ultra-compactness and
super-luminous characteristics [5]. In the last few years, more
direct evidence favoring the existence of both intermediate
and supermassive BHs has been gathered using the obser-
vations of gravitational waves associated with the merger of
BHs by the LIGO/Virgo Collaboration [6], as well as the
detection of shadows of supermassive BHs at the center of
the M87 [7] and Milky Way [8] galaxies by the Event Hori-
zon Telescope (EHT) Collaboration. These discoveries have
given rise to phenomenological studies testing black hole
solutions in different modified gravity theories for constrain-
ing the arbitrary parameters of the spacetime metric and the
underlying theory.

Historically, the simplest model of accretion of matter on
a stellar body was studied by Bondi, mainly considering
the accretion flow governed by Newtonian laws [9]. Later,
this model was extended by Michel to consider steady-state
hydrodynamic accretion, with the fluid having a polytropic
equation of state. In this model, the fluid flow admits a tran-
sonic solution [10]. Based on Michel’s model of spherical
and steady-state accretion, other authors have made numer-
ous extensions by considering axisymmetric flows as well
as accretion of exotic matter, which includes dark matter and
dark energy [11–13]. Numerous models of accretion on black
holes exist in the literature; for a review see [14]. We pro-
posed a model of spherical accretion of an ideal fluid for
spherically symmetric black holes, modeling the system as
a dynamical system in a plane (r, v), where r is the radial
coordinate and v is the three-dimensional speed of the fluid
[15], which has been further explored by other authors as
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well [16–20]. By solving the Hamilton equations, we deter-
mined the sonic points (also known as critical points) and
non-sonic critical points for ordinary fluids and fluids with
exotic equations of state. We explored the implications of
isothermal and polytropic fluids for spherical accretion. In
this article, we are interested in extending our previous work
for the magnetohydrodynamic (MHD) inflow towards spher-
ically symmetric black holes.

The motivation for pursuing the present investigation
arises from an exciting discovery made by the EHT. In
2021, the EHT team imaged polarized emission around the
supermassive BH in M87 on event horizon scales. This syn-
chrotron polarized emission probed the underlying structure
of the magnetic fields and plasma near the BH. The EHT
team reported the average number density ne ∼ 104−7cm−3,
magnetic field strength B ∼ 1–30 G, and electron tem-
perature Te ∼ 1010K [21]. Their model predicted that the
M87 central black hole has a mass accretion rate of (3–20)
×10−4M�year−1. This observation clearly suggests that the
M87* BH accretes magnetized plasma whose dynamics are
governed by both gravitational and magnetic fields. It is no
surprise, though, that large supermassive black holes like
M87* have small magnetic fields, and vice versa, due to the
inverse relationship between the BH gravitational radius and
the magnetic field strength [22]. As a consequence, BHs
larger than 1010 solar mass are undetectable and remain
in obscurity. Separate studies in the literature dealing with
BH shadows explore the effects of magnetized and non-
magnetized plasmas on the geometry of the BH shadow [23–
25]. These studies reveal that the shadow radius is altered due
to plasma effects, and may increase or decrease by adjusting
the model free parameters. In addition, it has been noted that
strong magnetized plasma regions near the black holes are
formed as a result of shocks in MHD plasma [26]; hence,
shock generation should be investigated alongside the accre-
tion mechanism of black holes.

Several models of general relativistic MHD accretion for
black holes have been investigated in the literature, with
assumptions including ideal MHD and advective and vis-
cous systems [27,28]. The MHD flow into a Schwarzschild
black hole is discussed in [29] by solving the Grad–Shafranov
equation. This equation describes the interaction between the
frozen-in plasma and the surrounding global magnetic field.
For the Kerr case, solving the Grad–Shafranov equation is
much more difficult; therefore, the poloidal structure of the
magnetosphere, which corresponds to the shape of the mag-
netic surface (equivalently given stream function �(r, θ)) is
given by hand. In [30], the authors assumed the stream func-
tion, and fluid flow along the streamline was investigated.
In this paper, instead of assuming the shape of the magnetic
surface, we consider an axisymmetric inflow restricted in a
plane around the black hole by fixing the value of an angular

coordinate, which is similar to the analysis of inflow on the
equatorial plane of a Kerr black hole [31].

This paper is structured as follows: In Sect. 2, we present
the governing equations of accretion of plasma on a general
static and spherical black hole, along with the symmetries of
the model and the corresponding conservation laws. Section
3 deals with the solution of the governing equations utiliz-
ing the conservation laws. In particular, we determine the
Hamiltonian of our system, determine the fluid velocity com-
ponents, and solve the Hamilton equations to find the critical
points as well. As a special case, we analyze the accretion
model of the polytropic fluid. In Sect. 4, we study a special
model of spherical MHD accretion on a Schwarzschild black
hole and present the conditions under which inflow or outflow
can occur in the vicinity of the black hole. Here, we explore
several kinds of flows including critical, global, and magnet-
ically arrested, and shocks in flows. Lastly, we analyze the
shock states near the quantum-corrected Schwarzschild black
hole. Throughout, we work in the units c = GN = h̄ = 1,

unless otherwise noted.

2 Magnetohydrodynamics in the spherical black hole
spacetime

As the background spacetime, we consider a static and spheri-
cal black hole with (or without) quantum correction, of which
the general form of the metric is given as

ds2 = gtt (r)dt
2 + grr (r)dr

2 + gθθ (r)(dθ2 + sin2 θdϕ2),

(1)

where the components of the metric are functions of the coor-
dinate r , which depends on gravitational theories, quantum
correction, and so on. Here, we do not assume the functional
form yet, but when deriving MHD flow solutions, we shall
consider one kind of spherical black hole.

Now, we introduce the magnetohydrodynamics in curved
spacetime, endowed with spherical symmetry within the
ideal MHD approximation that the conductivity of the fluid
tends to infinity, implying a vanishing electric field for a
comoving observer: Fμνuν = Fμνuν = 0, where uμ is
the four-velocity of flow satisfying uμuμ = − 1. We apply
the method introduced in the pioneering papers [30,32–36].
Under these assumptions, we investigate the ideal MHD
steady and advective inflow onto a spherically symmetric
black hole. The MHD flow is governed by three conserved
laws (namely, the particle number conservation, the energy
conservation, and the angular momentum conservation), the
Maxwell equation, and the ideal MHD condition, respec-
tively: [14]

∇μ(nuμ) = 0, (2)
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∇μ(−Tμ
νk

ν) = 0, (3)

∇μ(Tμ
νm

ν) = 0, (4)

∇μ
∗Fμν = 0, (5)

Fμνuν = 0, (6)

where n is the proper particle number density, kμ and mμ

are Killing vectors kμ = (1, 0, 0, 0) and mμ = (0, 0, 0, 1),
∗Fμν is the dual to Fμν , and Tμν is the energy momentum
tensor

Tμν = (ρ + p)uμuν + pgμν

+ 1

4π

(
FμαFν

α − 1

4
gμνFαβFαβ

)
, (7)

which consists of the plasma part with the total energy density
of plasma gas ρ and its pressure p, and the electromagnetic
field part.

From now on we assume that the plasma is confined in a
narrow (thin) accretion disk located in the equatorial plane
θ = π/2 in such a way that the component uθ of the velocity
vector is taken to be null (i.e., the matter from the accre-
tion disk does not leave the equatorial plane throughout the
motion). As we shall see below, this implies Bθ = 0. The
plasma is distributed symmetrically about the black hole
(hereafter BH) and the inflow is assumed to be axisymmetric
and stationary. Under this assumption, the electromagnetic
(EM) field acquires axial symmetry about the z-axis around
which the plasma is revolving. In this paper, we investigate
two different outer boundary conditions separately: the first
one concerns in-falling matter starting its motion from the
outer edge r = redge on the equatorial plane of the BH with
negligible radial velocity, as shown in Fig. 1, while the sec-
ond boundary is the case of accretion of the wind from a
companion object, for which the radial flow velocity at the
outer edge may be so fast that it is initially supersonic.

For the stationary and axisymmetric EM field, the Lie
derivative of the EM field tensor is zero:LkFαβ = 0, LmFαβ =
0, where k = kμ∂μ and m = mμ∂μ are Killing vectors. In the
coordinates (t, r, θ, ϕ) describing the metric, the Lie deriva-
tives for the EM field tensor become respectively

Fαβ,t = 0, Fαβ,ϕ = 0. (8)

Together, one of the Maxwell equations F[αβ;γ ] = F[αβ,γ ] =
0, and (8) yield

Ftϕ,r = 0, Ftϕ,θ = 0. (9)

Therefore, the tϕ-component of the field strength satisfies
Ftϕ,μ = 0, and equivalently, Ftϕ = const. We can choose this
constant to be zero by imposing some appropriate asymptotic
conditions. Hence,

Ftϕ = 0. (10)

Using this along with (6) and the symmetry constraints uθ =
01 and the fact that no EM field depends on (t, ϕ) coordinates,
then the Maxwell equations F[αβ;γ ] = F[αβ,γ ] = 0, yield
Ftr = Fϕr = 0. For stationary and axisymmetric MHD
flow, these same symmetry constraints yield the following
conservation laws, where �F and η are constants along each
flow line (i.e., d�F/dτ = 0 and dη/dτ = 0) [32]:

�F := − Ftθ
Fϕθ

,
Fϕθ√−gnur

:= −1

η
,

Frθ√−gn(uϕ + �Fut )
= 1

η
. (11)

Note that Ftr = Fϕr = 0 because of the constraint uθ = 0;
this is to say that in the limit uθ → 0, we have Ftr → 0
and Fϕr → 0, but Ftr/Fϕr = �F [32]. On combining the
equations given in (11), we obtain

Frθ ṙ = Fϕθ (�F − �), (12)

which can be derived directly from the ideal MHD condi-
tion (6). Here, ṙ ≡ dr/dt , � ≡ uϕ/ut = ϕ̇ is the angular
velocity of the plasma flow, and �F is the angular frequency
of the streamline, which is constant along each flow line,
manifesting the well-known line isorotation law.

The mass conservation law (2) becomes ∂r (
√−gnur ) = 0

due to the symmetry assumptions. This implies

√−gnur = const = C, for all r, (13)

where C denotes the BH accretion rate.
Using the above conserved quantities, the field strength

can be written in terms of the flow velocities as

Fμν =

⎛
⎜⎜⎝

0 0 Ftθ 0
0 Frθ 0

0 Fθϕ

0

⎞
⎟⎟⎠ =

√−g n

η

⎛
⎜⎜⎝

0 0 �Fur 0
0 uϕ + �Fut 0

0 ur

0

⎞
⎟⎟⎠ .

(14)

The expression of the magnetic field, measured in a lab-
oratory frame, is defined by Bμ = −ημναβkνFαβ/2, where
ημναβ = √−g εμναβ (εtrθϕ = +1). As we noted earlier,
Ftr = Fϕr = 0, because of the constraint uθ = 0; now,
inserting Fϕr = 0 into the expression of Bμ yields Bθ =
Bθ = 0. Introducing the poloidal magnetic field B and the
poloidal velocity of fluid u by B2 := (Br Br + Bθ Bθ )/g2

t t =
−(Fθϕ)2/(gtt g2

ϕϕ) and u2 := urur + uθuθ = grr (ur )2, we

1 The assumption uθ = 0 has an important consequence: It implies
that any quantity that is conserved on each flow line is conserved for
all r . In fact, since partial derivatives of all fields with respect to t
and ϕ are zero, the relation d(.)/dτ = 0, where (.) represents any
quantity that is conserved on each flow line as �F and η, implies that
d(.)/dτ = uα(.),α = ur (.),r = 0, and thus (.),r = 0.
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Fig. 1 Schematic of an
in-falling plasma: the left and
right panels depict the views of
the present inflow from the
edge-on direction and from the
z-axis, respectively. The matter
starts from the outer edge of the
thin accretion disk

see that η given in (11) reduces to

|η| =
∣∣∣∣
√−g nur

Fθϕ

∣∣∣∣ =
∣∣∣∣√−gtt grr gϕϕ

nur

Fθϕ

∣∣∣∣ =
∣∣∣∣n u

B

∣∣∣∣, (15)

and represents the particle flux per unit flux-tube [30] or the
mass flux per unit poloidal magnetic field.

In addition to �F and η, we also have E and L, which cor-
respond to energy and angular momentum. The conservation
laws (3) and (4) yield

∂r
(−√−gT r

t

) = 0, ∂r
(√−gT r

ϕ

) = 0, (16)

respectively. Therefore, we can introduce the following con-
served quantities:

E := −√−gT r
t

Fθϕη
= −

√−g

Fθϕη

×
[
(ρ + p)ur ut + grr gθθ

4π
Frθ Ftθ

]

= −hut − Bϕ

4πη
�F , (17)

L :=
√−gT r

ϕ

Fθϕη
=

√−g

Fθϕη

×
[
(ρ + p)ur uϕ + grr gθθ

4π
Frθ Fϕθ

]
= huϕ − Bϕ

4πη
, (18)

where h is the specific enthalpy defined as
h := (ρ+ p)/n. Note that since Fθϕη = −√−gnur given

in (11) is conserved for all r , the quantities E and L are also
conserved for all r .

There are two remaining constants of motion, �1, �2,
which can be related to C, �F , η as follows. The t− and
ϕ− source-free equations (5) yield

�1 = −√−g(utbr − urbt ),

�2 = √−g(urbϕ − uϕbr ), (19)

where bμ is the magnetic field in the fluid frame

bμ = −1

2
ημναβu

νFαβ. (20)

It is then straightforward to show that

�F = �2

�1
, η = − C

�1
. (21)

3 Flow solutions

To obtain flow solutions, we introduce kinematic variables
describing the ideal MHD flow. Due to the symmetry in the
present case, the system can be represented by a Hamiltonian
that is a function of two variables, namely, position of fluid
parcel r and its velocity V . Moreover, using a property of the
Hamiltonian, we obtain the so-called wind equation, giving
critical points (CPs).

3.1 Kinematic variables of the flow

Using (12) and the definition of η, the azimuthal component
of the magnetic field Bϕ = √−gFrθ can be written in terms
of ut and uϕ as

Bϕ = grr gθθ√−g
Fθϕ

ur
(uϕ − �Fu

t )

= −ggrr gθθ n

η
(uϕ − �Fu

t )

= −n

η
(gtt uϕ − �Fgϕϕut ). (22)

Substituting this into (17) and (18), we obtain

E = −
(
h + n

4πη2 �2
Fgϕϕ

)
ut + n

4πη2 �Fgttuϕ, (23)

L = − n

4πη2 �Fgϕϕut +
(
h + n

4πη2 gtt

)
uϕ. (24)

To determine the CPs and the profile of the flow, we will
not integrate the set of differential equations governing the
flow; rather, we will apply a Hamiltonian approach like we
used earlier in [15,17,20,37]. In the (θ = π/2)-plane, rewrit-
ing (1) as ds2 = −(

√−gttdt)2 + (
√
grrdr)2 + (

√
gϕϕdϕ2),
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we see that the three-velocity components are

vr =
√
grr√−gtt

ṙ , vϕ =
√
gϕϕ√−gtt

�, v2 := v2
r + v2

ϕ. (25)

When inflow or outflow is accompanied by fluid rotation
(� 	= 0), as we shall see below, vr is not a convenient
kinematic variable. Rather, we introduce the radial three-
velocity in the corotating frame Vr , simply denoted by
V . Since the corotating frame has the four-velocity vector

Uα
corot = (1, 0, 0 , vϕ)/

√
−gtt (1 − v2

ϕ), it is straightforward

to show that V is related to vr by

V = vr√
1 − v2

ϕ

. (26)

Next, we intend to express the right-hand side of (23) in terms
of (r, V ) and the constants of motion. From uαuα = −1, we
obtain

ut = −
√−gtt√
1 − v2

. (27)

Now, solving (24) for uϕ and using (27), we obtain

uϕ = 4πη2L√
1 − v2 − �F

√−gtt gϕϕn

(4πη2h + gtt n)
√

1 − v2
. (28)

All we need now is to express v2 in terms of V 2 to express
(ut , uϕ) in terms of (r, V ). Before doing that, there is an
interesting conclusion to draw, as follows: From the relation

vr = C
√

1 − v2
√−gtt gϕϕ n

=
C

√
1 − v2

r − v2
ϕ√−gtt gϕϕ n
, (29)

we obtain

v2
r = C2(1 − v2

ϕ)

C2 − gtt g2
ϕϕn

2 , (30)

which upon using (26) yields the following:

V 2 = C2

C2 − gtt g2
ϕϕn

2 < 1. (31)

This may seem to show that the relative three-velocity of the
fluid with respect to the corotating frame does not depend
explicitly on the presence of any magnetic field, which is only
apparently true. As we shall see below, n depends explicitly
on F2 = FμνFμν . It is obvious from (31) that V 2 → 1 as
gtt → 0, which is the case if gtt (r = rh) = 0, where rh is
the horizon of the BH.

In order to express v2 in terms of V 2, we write v2 as

v2 = v2
r + v2

ϕ = V 2(1 − v2
ϕ) + v2

ϕ

= V 2
(

1 − (1 − v2)u2
ϕ

gϕϕ

)
+ (1 − v2)u2

ϕ

gϕϕ

, (32)

where uϕ is given in (28). Once uϕ is substituted into (32), we
set x = √

1 − v2, which occurs in the right-hand side of (28),
and solve for x and then for v2 in terms of V 2. We obtain
two roots for the equation related by v2

1(L) = v2
2(−L). Since

L can be given any sign, we will work with the solution v2
1

by (A.1) given in the Appendix.
Since the right-hand side of (23) contains n, this can also

be expressed as a function (r, V ) upon reversing (31), yield-
ing

n(r, V ) = C
√

1 − V 2
√−gtt gϕϕV

. (33)

Given an equation of state expressing h in terms of n, we can
also express enthalpy h as a function of the variables (r, V ).
Finally, Eq. (23) takes the form

E(r, V ) = −
(
h(r, V ) + �2

Fgϕϕ(r) n(r, V )

4πη2

)
ut (r, V )

+�Fgtt (r) n(r, V )

4πη2 uϕ(r, V ), (34)

where ut and uϕ are given by (27) and (28), respectively, and
v2 is given in terms of V 2 in the Appendix by (A.1) and (A.2).
Since E(r, V ) is a global constant, it is the Hamiltonian of
our system.

In the same manner, we can express the components of
the magnetic field bμ in the fluid frame in terms of (r, V ) as

bt (r, V ) = −[1 + ut (ut − uϕ�F )]n
η

,

br (r, V ) = −ur (ut + uϕ�F )n

η
= −C(ut + uϕ�F )

η
√−g

, (35)

bϕ(r, V ) = −[�F (1 + uϕuϕ) + ut (uϕ + 2ut�F )]n
η

.

Using all expressions given in (35), we express n explicitly
depending on F2 = FμνFμν as

n2 = η2

2

F2

gtt + gϕϕ�2
F + (

ut − uϕ�F
)2 . (36)

3.2 Wind equation

The wind equation is obtained upon differentiating (34):

dE(r, V ) = E,r dr + E,V dV = 0, (37)

since E is a global constant of motion. Thus,

dV

dr
= − E,r

E,V
. (38)

At the CPs where (r, V ) = (rc, Vc), we have

E,r (rc, Vc) = 0, and E,V (rc, Vc) = 0. (39)
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Using the equation, d ln h = a2d ln n, for the adiabatic sound
speed, we obtain

[
�Fn

4πη2hut
(gttuϕ − �Fgϕϕut ) − a2

]
(ln n),r

= (ln ut ),r + �Fn

4πη2hut
(�Fgϕϕut − gttuϕ),r , (40)

[
�Fn

4πη2hut
(gttuϕ − �Fgϕϕut ) − a2

]
(ln n),V

= (ln ut ),V + �Fn

4πη2hut
(�Fgϕϕut − gttuϕ),V , (41)

where (.),r and (.),V denote partial derivatives. In this
Hamiltonian formalism, r and V are treated as inde-
pendent variables. For instance, we have (�Fgϕϕut −
gttuϕ),V = �Fgϕϕut,V − gttuϕ,V and a similar expression
for (�Fgϕϕut − gttuϕ),r , where ut,V , uϕ,V , ut,r , and uϕ,r

are evaluated using (27) and (28). Further, (ln n),r , (ln n),V ,
(ln ut ),r , and (ln ut ),V are given by

(ln n),r = −1

2

gtt,r
gtt

− gϕϕ,r

gϕϕ

, (ln n),V = − 1

V (1 − V 2)
,

(42)

(ln ut ),r = 1

2

gtt,r
gtt

+ v

1 − v2 v,r , (ln ut ),V = v

1 − v2 v,V ,

(43)

where v,r and v,V are evaluated using the expression of
v(r, V ) given in the Appendix by (A.1) and (A.2). Equa-
tion (41) reduces to

a2 = vV (1 − V 2)

1 − v2 v,V + �Fn

4πη2hut

[
(gttuϕ − �Fgϕϕut )

−V (1 − V 2)(gttuϕ − �Fgϕϕut ),V
]
. (44)

This is the most general equation for a2 in the case of an
axisymmetric MHD accretion onto a spherical BH. It is an
implicit equation for the speed of sound, as its right-hand side
also includes a2 via ut,V and uϕ,V . This equation determines
the speed of sound at the CP, and Eq. (40) determines the
location of the CP once an equation of state (EoS) is supplied.

We see clearly from (44) that at the CP, v2 	= a2 	= V 2

in general. Even in the special case �F = 0 and/or η = ∞
(no magnetic field if �F = 0 and η = ∞),

a2 = vV (1 − V 2)

1 − v2 v,V , (�F = 0 and/or η = ∞), (45)

is still different from V 2 and v2, as can be checked from the
expression of v(r, V ) in these special cases [which can be
obtained from the general expressions (A.1) and (A.2)]:

v(r, V )2 = 16π2(1 − V 2)L2η4 + V 2gϕϕ(4πη2h + gttn)2

16π2(1 − V 2)L2η4 + gϕϕ(4πη2h + gttn)2 ,

(�F = 0), (46)

v(r, V )2 = (1 − V 2)L2 + V 2gϕϕh2

(1 − V 2)L2 + gϕϕh2 , (η = ∞), (47)

where (n, h) are functions of (r, V ) given by (33) and (60)
[see also (34)]. However, if the angular momentum L = 0,
these last equations reduce to v2 = V 2, and (45) yields a2 =
V 2 = v2.

Another, much simpler, way to determine the CPs is to
use the variables (r, n) instead of (r, V ), as we did earlier
in [15]. Using uαuα = −1, (13) and (24), we obtain

ut (r, n)

= −8πLη2�2
Fgtt gϕϕn2 + [ngtt + 4πη2h(n)]√F(r, n)

2�FgϕϕG(r, n)n
,

(48)

uϕ(r, n) = 8πLη2[ngtt + 4πη2h(n)] − √
F(r, n)

2G(r, n)
, (49)

G(r, n) = g2
t t n

2 + 16π2η4h(n)2 + gtt [�2
Fgϕϕn

+ 8πη2h(n)]n, (50)

F(r, n) = 64π2L2η4[ngtt + 4πη2h(n)]2 − 4[16π2L2η4

+ �2
F (n2gtt g

2
ϕϕ − C2)]G(r, n). (51)

This transforms (23) to the following Hamiltonian expres-
sion.

E(r, n) = −
(
h(n) + �2

Fgϕϕ(r) n

4πη2

)
ut (r, n)

+�Fgtt (r) n

4πη2 uϕ(r, n). (52)

Upon differentiating (52), we obtain

dE(r, n) = E,r dr + E,n dn = 0, (53)

since E is a global constant of motion. Thus,

dn

dr
= −E,r

E,n
. (54)

At the CPs where (r, n) = (rc, nc) we have

E,r (rc, nc) = 0 and E,n(rc, nc) = 0. (55)

The explicit forms of these two equations are derived
from (40) and (41) upon making simple substitutions and
noting that r and n are treated as independent variables:

0 = (ln ut ),r + �Fn

4πη2hut
(�Fgϕϕut − gttuϕ),r , (56)

a2 = −n(ln ut ),n + �Fn

4πη2hut

×
[
(gttuϕ − �Fgϕϕut ) − n(�Fgϕϕut − gttuϕ),n

]
,

(57)
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where the partial derivatives with respect to r and n are eval-
uated using (48) and (49). Equation (57) is another general
implicit equation for a2.

3.3 Polytropic fluid

If the equation of state is that of a polytropic fluid, then

p = Knγ , where γ = (N + 1)/N . (58)

Here, K is a constant, m is the baryonic mass of the plasma
particle, and N is the polytropic index. Following [15], we
can show that the specific entropy satisfies

uμ∇μs ∝ uμF
μν Jν . (59)

Here, Jν ∝ uν is the current density four-vector. In the
case when the ideal MHD flow condition (6) holds, we have
uμ∇μs = ∂r s = 0, implying an isentropic flow, and in this
case the specific enthalpy and the three-dimensional sound
speed are respectively given by [15,37]

h(r, V ) = m
(

1 + kγ nγ−1(r, V )

γ − 1

)
, (K = mk) (60)

a2(r, V ) = kγ (γ − 1)nγ−1

(γ − 1) + kγ nγ−1 , (61)

where n(r, V ) is given in (33). It is straightforward to show
that

h = Kγ nγ−1

a2 = m(γ − 1)

(γ − 1) − a2 , (62)

implying a2 < γ − 1.

4 Special features in MHD Schwarzschild spherical
accretion

4.1 Global parameter values

In this work, m is supposed to be proton mass 1.67262192 ×
10−27 kg (mg = 1.24187391×10−54 in geometrized units).
Unless otherwise stated, the other constants in geometrized
units are as follows:

k = 5.08445 × 10−17, C = 7 × 1012 × (M/M�)

12π × m(kg) × c(m/s)
,

N = 4

3
, γ = 7

4
,

L = 3.10mg, �F = 0, �1 = −7 × 10−y,

η = − C

�1
, (63)

where M and M� are the masses of the BH and the sun,
respectively, and c is the speed of light. The value ofC corre-
sponds to 0.001 times the Eddington rate, which is 1.44×1015

(kg/s), taking the average ratio r/H , where H is the height of
the disk, to be 0.6. To show the main features of MHD flow,
we mainly focus on the case �F = 0 unless otherwise stated.
Note that if a flow solution passes thorough the Alfvén point
in the (r, V )-plane or the (r, n)-plane, where the denomina-
tor of (28) becomes zero, the regularity condition (28) yields
a constraint between �F and L that does not allow the case
�F = 0,L 	= 0, as discussed in [30,36,38]. In this paper, we
focus on solutions that do not cross the Alfvén point, which
happens when η is large or the corresponding magnetic field
is weak. Therefore, �F and L are independent of each other.
For the case of the Schwarzschild BH, the MHD accretion
was intensively studied in [27] and other references therein.
In this work we aim to show those special features of flows
not yet investigated in the scientific literature.

4.2 Results

As an initial condition, we assume that the outer boundary of
the flow (of the disk) is at rout = 100rg with rg = GM/c2,
and that M = M�. We have also examined the case with
rout = 1000rg , and the main features remain absolutely the
same, with the only difference being that the lower possible
initial speed V� of the in/outflow at rout depends on rout itself
and on the other parameters. For �F = 0, the expression of
uϕ (28) is positive if its denominator is positive. Thus, the
lower speed V� at rout is a solution to 4πη2h + gtt n = 0.
For fixed rout, the lower speed V� is an increasing function
of the intensity of the magnetic field �1 (63), as shown in
Fig. 2. In this figure we plot E/mg (E in the units of mg)
versus V upon fixing r at rout and varying the intensity of
the magnetic field �1 (63). Left panel: rout = 100rg and
y = 8. Below the speed V� = 0.02581 the in/outflow is not
possible. Above E� = 1.51627, there is only one possible
speed of the flow. Below E� and above Em = 0.24663, there
are two possible initial speeds of the flow (relativistic and
non-relativistic). Intermediate panel: rout = 100rg and y =
7.5. Upon increasing the intensity of the magnetic field �1,
V� = 0.339 increases and the minimum of E� disappears.
There is no possible flow below E� = 1.12535, and above it
only relativistic flow is possible. Right panel: rout = 1000rg
and higher magnetic field y = 6.7. In this case,V� = 0.15224
(for the corresponding case rout = 100rg and y = 6.7, V� =
0.99786 is extremely relativistic). No possible flow occurs
below E� = 1.01760. As �1 increases, the magnetic pressure
increases as well, preventing the flow from advancing unless
its initial speed exceeds some lower limit V� at the outer
boundary rout of the disk.
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Fig. 2 E/mg (E in the units of mg) versus V upon fixing r at rout
and varying the intensity of the magnetic field �1 (63). Left panel:
rout = 100rg and y = 8. Below the speed V� = 0.02581 the in/outflow
is not possible. Above E� = 1.51627, there is only one possible speed
of the flow. Below E� and above Em = 1.11166 (corresponding to
Vm = 0.24663), there are two possible initial speeds of the flow (rel-
ativistic and non-relativistic). Intermediate panel: rout = 100rg and

y = 7.5. Upon increasing the the intensity of the magnetic field �1,
V� = 0.339 increases and the minimum of E� disappears. No possible
flow occurs below E� = 1.12535 and above it only relativistic flow is
possible. Right panel: rout = 1000rg and higher magnetic field y = 6.7.
In this case V� = 0.15224 (for the corresponding case rout = 100rg
and y = 6.7, V� = 0.99786 is extremely relativistic). No possible flow
happens below E� = 1.01760

4.2.1 Outflow with constant limiting speed—inflow in the
vicinity of the horizon

In Fig. 3, we plot V versus r/rg for E = E(100rg, 0.05) =
1.28736 and y = 8 with conditions at the outer boundary
rout = 100rg and Vout = 0.05. The left panel depicts the
outflow. If the fluid is ejected at r = 43.1659rg with a speed
of Vi = 0.371, it may flow along the upper branch, reaching
the final speed V f = 0.629765 at spatial infinity, as can be
seen from the Taylor expansion

E(r, V ) = 1.28736 − 1900.95

r

+
(

1.34362 − 1984.02

r

)
(V − 0.629765)

+
(

3.17027 − 4681.3

r

)
(V − 0.629765)2 + · · ·

(64)

The fluid may flow along the lower path, reaching a zero
speed at spatial infinity; more precisely, the speed at r =
10100+q and q > 0 is V = 5.22082 × 10−198−2q . The
right panel depicts the inflow. In the vicinity of the horizon,
the level curve E = E(100rg, 0.05) = 1.28736 has another
physical branch, where the fluid may flow along the upper
branch and cross the horizon with a speed V = 1, or flow
along the lower branch and cross the horizon with a speed
V = 0.0387543. In this region the magnetic field is so strong
that the fluid has to start its journey with a speed nearing 0.85,
with r being around 2 + 7 × 10−9.

4.2.2 Non-critical global flow

Keeping the same conditions at the outer boundary, rout =
100rg and y = 8, and increasing E to E = 10.0874, the flow
becomes global and non-critical, as shown in Fig. 4. In each

of the four panels, the plot passes near the CP [defined by
E,r (rc, Vc) = 0 and E,V (rc, Vc) = 0] or by E,r (rc, nc) = 0
and E,n(rc, nc) = 0), but not through it. Based on the left
panel of Fig. 2, the level curve of E = 10.08736 in the rV -
plane mathematically has two branches; physically speak-
ing, only the upper branch (relativistic branch) is relevant.
This is because, for the lower non-relativistic branch, the
equation E = 10.08736 = E(100rg, V ) has a solution
V = 0.00051953 < V� = 0.02581: The magnetic pres-
sure at the outer boundary 100rg is such that flow with
speed below V� is allowed. We see that the radial compo-
nent of the magnetic field, br , jumps high from its outer
value br out = 11.8193 G to about 3300 G, then drops to
about half that value at the horizon rh = 2rg . As to the
radial three-speed V , it decreases from Vout = 0.995119 to
V (r = rc) = 0.880467 > Vc = 0.841218, then increases
to its final value V (r = rh) = 1−. This global accretion
flow starting at rout = 100rg with such high speed is possi-
ble if, for instance, the fluid was ejected (an outflow) by a
companion star.

4.2.3 Critical global flow

A global critical flow is observed for rout = 100rg with
y = 8 if we take E = 10.02082, as shown in Fig. 5, where
each plot passes through the corresponding CP. In this case
as well, only the upper relativistic branch V (r) is relevant.
This case shows a special feature compared to the case of
Fig. 4: each plot is continuous at the CP, but a corner appears
there indicating a non-smoothness in the slope [exception:
the slope of F2(r) appears to be continuous at the CP]. The
non-smoothness in the slope is not an isolated case; rather, we
observed such behavior for other, even non-critical, values of
E , as 10.02126.
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Fig. 3 V versus r/rg for E = E(100rg, 0.05) = 1.28736 (E/mg =
1.28736) and y = 8. Left panel: outflow with constant limiting speed. If
the fluid is ejected at r = 43.1659rg with a speed of Vi = 0.371, it may
flow along the upper branch, reaching the final speed V f = 0.629765
at spatial infinity (note that the speed of the fluid as it reaches 100rg is
0.629765, as can also be seen from the left panel of Fig. 2). The fluid may
flow along the lower path, reaching another nearly zero speed at spatial
infinity (note that the speed of the fluid as it reaches 100rg is 0.05, as

can also be seen from the left panel of Fig. 2). Right panel: inflow. In the
vicinity of the horizon, the level curve E = E(100rg, 0.05) = 1.28736
has another branch, where the fluid may flow along the upper branch and
cross the horizon with a speed V = 1, or flow along the lower branch
and cross the horizon with a speed V = 0.0387543. In this region the
magnetic field is so strong that the fluid has to start its journey with a
speed nearing 0.85, with r being around 2 + 7 × 10−9

Fig. 4 Non-critical global flow. Plots of V , n, br , and F2 versus r/rg
for E = 10.08736 and y = 8 with the outer boundary rout = 100rg .
In each panel the plot passes near the CP [defined by E,r (rc, Vc) = 0
and E,V (rc, Vc) = 0], but not through it. At the CP we have rc =
3258.28 = 2.20657rg , Vc = 0.841218, nc = 7.32727 × 1022,

br c = 1369.31 G, F2
c = 1.1711×107 G2. At the outer boundary of the

disk we have rout = 100rg , Vout = 0.995119, nout = 1.70121 × 1018,
br out = 11.8193 G, F2

out = 2.77628 G2. Here, nc, br c, and F2
c are the

values of n(r, V ), br (r, V ), and F2(r, V ) at the point (r, V ) = (rc, Vc)
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Fig. 5 Critical global flow. Plots of V , n, br , and F2 versus r/rg for
E = 10.02082 and y = 8 with the outer boundary rout = 100rg . In each
panel the plot passes through the corresponding CP. At the CP we have
rc = 3258.28 = 2.20657rg , Vc = 0.841218, nc = 7.32727 × 1022,

br c = 1369.31 G, F2
c = 1.1711×107 G2. At the outer boundary of the

disk we have rout = 100rg , Vout = 0.995053, nout = 1.71276 × 1018,
br out = 11.7404 G, F2

out = 2.77628 G2

4.2.4 Magnetically arrested-disk state

In order to observe new phenomena, we decrease the inten-
sity of the magnetic field, taking y = 11 and keeping
rout = 100rg . All fluid motions met in the case y = 8 are also
met in this case y = 11 and plus. For this case, a similar curve
to the left panel of Fig. 2 exists, however, it extends up to infin-
ity in both limits V → 0+ and V → 1−. This means that for
any2 E > Em = 1.11166, there are always two branches in
the rV -plane, non-relativistic and relativistic, for any initial
speed Vout of the flow (in or out) at rout = 100rg . We con-
sider the magnetically arrested-disk, non-critical, state E =
E(100rg, 0.00052) = 10.08127 corresponding to Vout =
0.00052, nout = 3.29906 × 1022, br out = 0.00116635 G,
F2

out = 2.77632 × 10−6 G2 for the non-relativistic branch,
and to Vout = 0.995113, nout = 1.70226 × 1018, br out =
0.011812 G, F2

out = 2.77628 × 10−6 G2 for the relativistic
branch. The corresponding plots are depicted in Fig. 6. For
the non-relativistic branch in the rV -plane, the fluid crosses
the horizon at r = rh with a speed Vh = 0.00249148 and,

2 The actual value of Em for this case is slightly different from that given
in the caption of Fig. 2. The values are Em = 1.111661501620652 for
y = 8 and Em = 1.1116615015528608 for y = 11. The values of Vm
are the same.

because of the conservation law (33), n diverges at r = rh

where gtt (rh) = 0. The sharp decrease of the speed in the
non-relativistic branch V (r), from about Vc to Vh within an
interval of extent �r = 0.20657rg , accompanied by a sim-
ilar decrease in br and a sharp increase in n, is a signal of
the magnetically arrested-disk state in the corona �r of high
density (n → ∞ as r → rh) around the horizon. We have
obtained similar results for y = 9.5 for fixed E , and the sharp
decrease in V (r) occurs at the same location.

4.2.5 Shock-induced flow

According to (59), if the ideal MHD flow condition (6) is
violated, the isentropic condition is also violated, and vice
versa. Our enthalpy formula (60) is valid under the assump-
tion of isentropic flow. In order to observe a shock-induced
flow at some location rsh, we have to envisage a flow where
the entropy is constant in the pre-shock flow spre and con-
stant in the post-shock flow spost, and has a finite positive
jump between the two constants at rsh:

�s
∣∣
rsh

= spost − spre > 0. (65)

The value of rrh depends on that of �s. According to (59),
a shock state generates a momentary electric current in the
flow.
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Fig. 6 Magnetically arrested-disk, non-critical, global flow. Plots ofV ,
n, br , and F2 versus r/rg for E = E(100rg, 0.00052) = 10.08127 and
y = 11 with the outer boundary rout = 100rg . This case corresponds
to Vout = 0.00052, nout = 3.29906 × 1022, br out = 0.00116635 G,
F2

out = 2.77632 × 10−6 G2 for the non-relativistic branch, and to
Vout = 0.995113,nout = 1.70226×1018,br out = 0.011812 G, F2

out =

2.77628 × 10−6 G2 for the relativistic branch. At the CP we have
rc = 3258.28 = 2.20657rg , Vc = 0.841217, nc = 7.32733 × 1022,
br c = 1.36931 G, F2

c = 11.711 G2. The upper branch in the rn-plane
is the non-relativistic one and the lower branch is the relativistic one. The
two branches in the rbr -plane are in one-to-one correspondence with
the branches in rV -plane. The two branches in the r F2-plane coincide

We refine some of the parameters in (63), reducing the val-
ues of (k, L), taking y = 8, and keeping the other parameters
unchanged.

k = 5.08445 × 10−19, L = 1.90mg,

�1 = −7 × 10−y, y = 8. (66)

In shock-induced flow, one usually keeps both L and
E constant and considers changes in the entropy, number
(or rest-mass) density, the three-speed, and all that depends
on n and V as the magnetic field components [26,36,39].
Shock-induced flows with energy drops are also possible. In
fact, these are the most realistic shock-induced flows. We
have obtained instances of such flows, taking L as in (66)
and allowing E to drop by some amount. However, in this
work we will consider only flows with no loss of energy. In
the following, we hold L constant as in (66) and we keep
E = 0.99468564mg , the values used in Fig. 7 depicting a
non-violent shock. The pre-shock plots are in red and the
post-shock plots are in black. Since for polytropic fluids,
k is related to the entropy, we had to vary its value from
red (kpre = 5.08445 × 10−19) to black (kpost = 1.7kpre)
plots. From pre-shock state to post-shock state, we see a net
decrease in the three-speed and a net increase in the num-

ber density at the shock location rsh = 52.9676rg , which is
determined numerically upon imposing a discontinuity con-
straint, Eq. (10) of [26] (see also [36]). In Fig. 7 the val-
ues of Vpre = 0.14353 and npre = 4.25481 × 1020 cor-
respond to points on the red plots (pre-shock state); their
values at the post-shock state are Vpost = 0.117889 and
npost = 5.19795 × 1020. The fluid crosses the horizon at
r → rh = 2rg with n = 5.20664 × 1022 and V → 1 .

The jump in the value of the entropy is evaluated upon
integrating the thermodynamic relation Tds = dh− (dp/n)

along the dashed vertical line r = rsh from the pre-shock
point (on the red plot) to the post-shock point (on the black
plot) and assuming T = (mk/kB)nγ−1 for a perfect gas (kB

being the Boltzmann constant). We obtain

�s = kB

γ − 1
ln

(kpost

kpre

)
= 4kB

3
ln(1.7) > 0, (67)

which does not depend on rsh and depends only on kpost/kpre

and γ . We have noted that the shock state disappears if we
choose kpost = 2kpre, and this may be a sign that the jump
in the entropy could have an upper limit beyond which no
shock occurs. This upper limit is certainly not universal, as
it is parameter dependent.
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Fig. 7 Shock-induced global flow. Plots of V and n versus r/rg for
E = 0.99468564mg , L = 1.90mg , and y = 8, with the other param-
eters remaining unchanged. The pre-shock plots are in red (kpre =
5.08445×10−19) and the post-shock plots are in black (kpost = 1.7kpre).
The shock occurs at rsh = 52.9676rg , with Vpre = 0.14353 and

npre = 4.25481 × 1020 [corresponding to points on the red plots (pre-
shock state)], and Vpost = 0.117889 and npost = 5.19795 × 1020 [cor-
responding to points on the black plots (post-shock state)]. In the limit
r → rh = 2rg , n → 5.20664 × 1022 and V → 1

Table 1 Quantum effects on the shock location. Here, �rsh = rsh-Q − rsh, rsh-Q is the quantum-corrected value of the shock location, and
rsh = 52.9676rg is the (classical) value previously determined in Fig. 7

α 0.5 3 5

�rsh/rg 0.492335 × 10−10 2.80259 × 10−10 4.65832 × 10−10

It was shown in [39] that the shock location rsh depends on
the intensity of the magnetic field |�1|, that it increases with
increasing |�1|, and that the shock disappears above some
limiting value �lim. That is, higher values of the magnetic
field push the shock location outward, not favoring shock
states. We confirm this finding, as the discontinuity con-
straint, Eq. (10) of [26], cannot be satisfied above some value
of |�1|. For instance, we have obtained rsh = 8.37699rg ,
52.9676rg , 69.2255rg for |�1| = 7 × 10−8.5 = 2.21359 ×
10−8, 7 × 10−8, 8 × 10−8, respectively. We have obtained
the further result that the discontinuity constraint cannot be
satisfied above some value of kpost/kpre, and thus no shock
state. As emphasized in [39], these shock states are not iso-
lated, that is, we have obtained many of them for sets of the
parameters different from those in (66). However, our main
purpose in this work is not to give a detailed discussion of
the shock state; rather, it is to show how to apply the Hamil-
tonian approach, skipping thus the task of integrating differ-
ential equations, as done so far in the scientific literature, and
to determine the profile of the MHD accretion, particularly,
the existence of the shock state. In the remaining section, we
will consider the quantum corrected Schwarzschild BH and
investigate the shock states of MHD accretion onto this BH.

5 MHD Accretion for the quantum corrected
Schwarzschild BH

Here, we consider the quantum corrected Schwarzschild BH
[40,41]

ds2
MS = − f (r)dt2 + f (r)−1dr2 + r2d�2, (68)

where

f (r) = 1 − 2M

r
+ αM2

r4 . (69)

Here, the parameter α is defined as α = 16
√

3πγImm
3�2

p

with �p = √
Gh̄ denotes the Planck length and γImm is the

Immirzi parameter. It is worth noting that the form (68) of
the metric is valid for

r ≥ rb =
(

αGM

2

) 1
3

. (70)

For illustration we take α = 0.5, 3, 5. Within the values
of the parameters used in Fig. 7 and in (66), we are guaranteed
that rb < rh = 2rg .
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Table 1 depicts the variation of �rsh in terms of α , where
�rsh = rsh-Q−rsh, rsh-Q is the quantum-corrected value of the
shock location, and rsh = 52.9676rg is the (classical) value
previously determined in Fig. 7. We see that �rsh slightly
increases with α, which implies that quantum effects do not
favor shock states by pushing the shock location outward.

6 Conclusion

In this article, we have formulated the accretion dynamics
of an MHD fluid onto a spherical BH using a Hamiltonian
framework. Under the assumptions of ideal MHD, and uti-
lizing a few conservation laws of energy-angular momentum
and particle number, we are able to determine a Hamilto-
nian expression which is used to derive the Hamilton equa-
tions and then their solutions. It is presumed that the flow
occurred in the equatorial plane and that the only non-
vanishing component of a magnetic field is the azimuthal
one. In the background of a Schwarzschild BH, we have
found the inflow/outflow conditions depending on the three-
velocity and the energy parameters. The phenomena of rela-
tivistic and non-relativistic flows as well as no-flow are also
observed. We have also examined the critical flows (i.e., the
flows whose phase trajectories pass through the critical point)
as well as non-critical flows (i.e., the flows where phase tra-
jectories pass near the critical point but not through the CP)
for the Schwarzschild BH. In the latter scenario, we have
also observed a global flow, i.e., fluid flow starting from the
outer edge of the disk and ending at the event horizon. We
have also noted that shocks in MHD plasma near the BH
cause particle number density in the MHD flow to increase
but three-velocity to decrease locally near the shock region.

In future investigations, we would like to develop the
Hamiltonian formulation of MHD flow near a Kerr BH and
explore various kinds of flows along with different equations
of state. In addition, we are interested in the question of how
shocks in MHD plasma near a BH can generate highly mag-
netized plasma, and whether various quantum corrections to
BH geometry can have deeper or observable effects in the
accretion process.
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Appendix: Roots of (32)

Substituting uϕ given in (28) into (32) and setting x =√
1 − v2, we obtain two roots for v2 related by v2

1(L) =
v2

2(−L). Since L can be given any sign, we will work with
the solution v2

1. The two solutions are given by

v2 = v2
1 = 1 −

⎛
⎝ 4πLη2�F

√−gtt gϕϕn
(

1 − V 2
)

− √
H1

H2

⎞
⎠

2

, and

(A.1)

v2 = v2
2 = 1 −

⎛
⎝ 4πLη2�F

√−gtt gϕϕn
(

1 − V 2
)

+ √
H1

H2

⎞
⎠

2

, (A.2)

where

H1 =
(

1 − V 2
)
gϕϕ

(
4πη2h + gtt n

)2

×
[
16π2

(
1 − V 2

)
L2η4 + �2

Fgtt g
2
ϕϕn

2

+gϕϕ

(
4πη2h + gttn

)2
]

, (A.3)

H2 = 16π2
(

1 − V 2
)
L2η4 + gϕϕ

(
4πη2h + gtt n

)2
.

(A.4)
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