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ABSTRACT:

A parametric approach based on parametric analysis of the acoustical properties of a layered media is proposed to
derive a reduced layered Green’s function. The approach relies on the smallness of one of the problem parameters
and allows a simpler form of Green’s function by disregarding the smaller parametric terms. Several illustrative
examples comparing the amplitudes of exact and reduced Green’s function for small parameter of density ratio in
various source and observation location setups are presented. It is demonstrated that the CPU times calculated at dif-
ferent points decrease considerably for the reduced Green’s function, further justifying the presented method.
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I. INTRODUCTION

In the photoacoustic and ultrasound imaging techni-
ques, the measured acoustics waves are converted to image
by using the physical model of wave propagation which
commonly involves the Green’s function. The major impact
on the speed of the imaging algorithms come from the effi-
cient calculation of Green’s function. In many practical
applications the region is composed of different homoge-
neous environments forming what is called layered media.
For layered media, acoustic layered Green’s functions com-
prising acoustic and physical parameters of layers cannot
straightforwardly be expressed as analytical formulas but
are expressed as Sommerfield integrals containing spectral
domain Green’s function. In layered media, a Sommerfield
integral involves highly oscillatory and slowly attenuating
integrands which makes numerical calculations difficult and
requires long computation times for stable solutions.'™

There are various studies in literature which focus par-
ticularly on accelerating the calculation of Green’s function
for electromagnetic waves in layered media such as acceler-
ation by transformations” or reducing the integral represen-
tation to an analytic or semi-analytic form.®~' The spectral
Green’s function coefficients in the discrete complex image
method (DCIM), developed to represent the Green’s func-
tion in an analytical form, are expressed as a sum of com-
plex exponentials and written in an analytical form using the
Sommerfeld identity.”*'"'> The calculation of complex
exponentials, i.e., the spherical wave amplitudes, are, then,
carried out through the use of Prony or GPOF (generalized
pencil of function) methods.®'*'* Although DCIM gives
favourable results in near field expressions, its rate of suc-
cess decreases in far field values. To reduce the error in far
field expression two or three-level DCIMs are suggested."'
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The rational function fitting method is proposed as an alter-
native to DCIM to accurately calculate the far field values
of layered Green’s function.'®!>'® In this method, while the
Green’s function is expressed as the sum of the cylindrical
waves, the amplitudes of the waves are calculated as the
solution of an eigenvalue problem or by a vector fitting
algorithm. Various other methods, including k-space mod-
els, have also been developed to tackle with the solution of
Green’s function for inhomogeneous and multilayered
media.""”

In this work, we have proposed to use of parametric
investigation of acoustics layered Green’s functions in high
contrast environment to reduce the computation times. A
parametric analysis approach relies on the introduction of
small parameters inherent in the physics of the problem
thereby reducing the exact formulations to the approximate
ones. This enables simpler forms of the solutions which are
otherwise intractable. Such an approach of parametric analy-
sis is common, say, in dynamic elasticity in the investigation
of vibration problems of multicomponent rods,'® layered
elastic structures,'” and drilling of wells in oil industry,”° to
name but a few. To the best of our knowledge, parametric
analysis has not been applied to the Green’s function of lay-
ered acoustic medium. To this aim, we introduce a small
parameter into the problem by taking into account the ratios
of the layer densities, from which a reduced form of the
Green’s function may be obtained on employing the high
contrast in magnitudes of the introduced parameter.
Ignoring the asymptotically smaller terms in the kernels
results in a simplified form of the layered Green’s function
which will be called as the reduced Green’s function. The
proposed analysis not only permits a better understanding of
the underlying physics of the problem, but may also lead
to faster numerical computations due to a shortened form.
We should note that to perform parametric analysis for a
single parameter, only the ratio of densities in the problem

© 2022 Acoustical Society of America
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is assumed to have high contrast, while the rest of the acous-
tic parameters are assumed to be in the same order.

This approach could be extended to more general set-
ups including variation of wave speed, yet, the methodologi-
cal approach will virtually be the same.

The rest of the paper is organized as follows: In Sec. I,
the Green’s function of layered acoustic media is presented
and parametric analysis is explained in Sec. III. Numerical
examples are presented to show the efficiency of the pro-
posed approach.

Il. GREEN’S FUNCTION FOR LAYERED ACOUSTIC
MEDIA

We consider a layered acoustic medium consisting of N
homogeneous layers which extend infinitely in the transverse
direction, as shown in Fig. 1. Each layer is characterized with
speed of sound c,, and density p,,. The first interface is assumed
to be placed along the axis z=0 and the remaining interfaces
are located at z=h,,, m = 1,2, ...,N — 1.

The source is assumed to be located in the first layer at
7 = (¥, 7). The Green’s function of the N-layered medium
can be expressed in spectral integral form as follows:
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FIG. 1. Configuration of N-layered acoustic medium.
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Ry, €™, and C\" are the unknown coefficients to be
determined. Note that the sine and cosine functions are used
to represent the kernel of Green’s function in the intermedi-
ate layers replacing the exponential function. Finally, in the
last layer, there is only one exponential term which repre-
sents outgoing waves since the radiation boundary condition
only allows outgoing waves at infinity. In addition to the
radiation condition, the Green’s function also satisfies the
following continuity conditions at each interface:

lim G(r',r) = lim G(r',r), 2
r—S- r—S*

/ /
lim 1 9G(r',r) _ 1 9G(r ,r). 3)
r—S- p- On r—St p+ On

Here, S is the boundary surface and p~ and p* are the
densities for the lower and upper layers, respectively. The
unknown coefficients in the kernel can be determined
matching these continuity conditions at each interface. The
propagation constant k., in Eq. (1) is defined as

) —i/k2 = K2, k| < [kl
TOAVE=R, k> kal,

where k,, is the wavenumber in the mth layer.

“

lll. PARAMETRIC ANALYSIS

In this work, we aim to simplify the structure of the lay-
ered Green’s functions and reduce the computational cost
through the reduction of the number of terms in its kernel.
To this end, a parametric analysis is performed to assess the
influence of the layer’s densities on the solution to the
Green’s function. In order to simplify the analysis, we intro-
duce a non-dimensional spatial wavenumber K., spectral
frequency €, together with thickness d,, representing the
distance between two consecutive layers, where £, is the
layer coordinate, as follows:

Q, = ki, Ky =kdy, dn= |hm — R ‘ ()

We should point out that when the medium is two-
layered, d,, can be taken as the distance from the source to
the interface. The ratios of the layers’ densities as a parame-
ter in parametric analysis and the nondimensional constant

‘H,, are also defined as follows:

I
Hm:_7 pmn:p_m7 m:17~--7N717
dn P
n=m+1,...,N. 6)

Using the non-dimensional quantities, Eq. (4) may be
rewritten in the form

_i\/ Qi _wa ‘KAl < |Qm|7
K

= @)

\V K,%_ana \K,(| > |Qm|7
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where K, = k;, dy,. On inserting the nondimensional quantities
(5)«7) in Eq. (1), the unknown coefficients, Ry, CY"), Cgm) ,
may be determined by matching the continuity conditions (2) at
each of the interfaces. The resulting system of linear equations
can be written as a matrix equation given by

Note that the matrix of coefficients on the left hand side of
Eq. (8) has the structure of a banded block matrix which is a
result of the continuity conditions at the interface of each
layer. The entries A;; in the matrix of coefficients are defined
as

Ay Ap 0 [Ry ] [ K7 ] o ke? 0 _q
. () /
. C _K oKz Ay = s A= ;)
. (12> Kzle 1 —KZ]€7KIZ ] _p12K22 0 ‘|
0 : :
N inh(K, H; h(K. H;
An—1n-1 An-in _Cg >_ L 0 = sinh (K, 1)) cosh(K:H;) 7 10)
) - ) b K_cosh(K_H;) K_sinh(K.H;)
B —sinh(K_,, H,) —cosh(K,,, H;) an
jj+1 — . )
" _pj(j+1)KZ/+1 COSh(KZj+1 Hj) _pj(/‘+1)KZj+1 Slnh(KZj+l Hj)

— Ky Hn-1
) (12)

K.y Hn-1

An_iy = l

—Pw-1nKzye

where the index j runs from 2 to N—1 with N > 3. The
entries Ay; and Ay_; y are 2 x 1 matrices, therefore, the size
of the coefficient matrix A becomes 2N — 2 x 2N — 2. Note
that for N =2, we take the first and last block matrices hav-
ing the size of 2 x 1 due to radiation conditions. As it seen
from Egs. (9)-(12), the entries of the matrix of coefficients
in Eq. (8) are functions of the ratios of the layer densities
Pj(j+1)- Thus, the kernel of the Green’s function depends on
the ratio of the layers densities p;;). Let us consider the
configuration in which the densities are of increasing order
of magnitudes, that is, p; < p, < --- < py. We should
note that any configuration can be reduced to this form
by rearranging the rows of Eq. (8). The magnitudes of the
non-dimensional density ratios defined as p;,y = p;/pn,
i=1,...,N, are therefore ordered as p;y < pyy < -
< pyy = L. The order of magnitudes of the ratios of layer den-
sities allow us to conduct a parametric analysis. The smallness
of the nondimensional quantities p;y permit certain terms to be
eliminated in the exact formulation of Green’s function to
improve the speed of calculations within acceptable accuracy.
To identify the terms to be omitted, the kernel, i.e., solution to
Eq. (8), should be expressed explicitly. To this end, we exploit
Cramer’s rule which expresses the each coefficient in Eq. (8) in
terms of ratio of determinants as given by

_|EN]

Ry = .
N Ay

(13)

The determinants of matrices Ey and Ay involve the product
of ratios of layer densities with different order of magnitudes.
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Once the coefficients are expressed explicitly, the parametric
analysis leads to the elimination of the asymptotically smaller
terms from the determinants in the numerator and denominator
using the following formula:

plszza N=2
k42 3 o Moot
- Z Z(—l) Ty (=) sy
T =kl =2
24i
—(=1) ]SZildet((((B)Zil'“)N—liA)NN)’ Nz3,

(14)

where k =1,...,N — 2.

The matrix B within the nested parenthesis denote the
minors of the matrix where the rows and the columns cor-
responding to the subscript are deleted from both E, and
Ay defined in Eq. (13). Starting from 2N — 2 by 2N — 2
matrices in Eq. (14), this reduction process is continued
recursively until the size of the reduced matrix is N X N.
The constants s;; denote the entries of the reduced matrix
in each step. The terms to be omitted are obtained as the
final expansion of the sum given in Eq. (14). Omitting the
terms given in Eq. (14) from the coefficient of Green’s
function (1), we arrive at the so-called reduced Green’s
function.

The analysis presented above permits an analytical
inspection of the (reflection-transmission coefficients) deter-
minant of the Green’s functions, which is now in shortened
form due to the omission of asymptotically smaller quanti-
ties, particularly the ratios of densities. The simplified coef-
ficients so obtained elicit efficient and faster computation
times of integrals of Green’s functions.

Ozdemir et al.
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IV. NUMERICAL RESULTS

In this section, we present numerical examples to dis-
cuss the efficiency of the proposed Green’s function. In
all examples, the frequency is considered as 1 MHz and
the corresponding wavelength is A= 16 x 107* m. The
source is located at (x¥',z') = (24,21) unless otherwise
stated. The measurement point is being kept in the first
layer at x = 21 and z is varied from 2.0014 to 114. In the
examples of three and four layered media, the thickness
for normalization is taken as d; = |hy — hy|, whereas for
two-layered media, it is taken as the distance between the
source and the layer. Wolfram MATHEMATICA 11 is used in
the computations.

A. Two-layered media

As a first example, we consider the simplest configura-
tion, that is a two-layered medium. The densities and sound
velocities are taken ¢; = 1600m/s, ¢, = 1645m/s, and
p; = 100 g/cm® and p, = 1000 g/cm® for layer 1 and layer
2, respectively. Thus, the ratio of densities becomes small
and has the value p;, = 0.1 < 1.

Having the source and the measurement points in the
first layer, the Green’s function Gy is calculated with the
coefficient R, which is given as

KZ1 — plZKlz

Ry =——7—"—.
KZl + plZKlz

(15)

As it is seen, both the numerator and the denominator con-
sist of the small parameter p;,. By neglecting it from both
numerator and denominator, the coefficient R, is reduced to
1. This means that a very small amount of transmission to
the second medium occurs, and so it can be ignored, all
acoustic waves are reflected back to the first medium. This
modification can be interpreted as changing to boundary
conditions from natural continuity condition to the “sound
hard” boundary condition in the reduced Green’s function.
The absolute values of the reduced Green’s function and the
exact one are calculated as a function of the distance |z — 7|
and are depicted in Fig. 2 which demonstrates a favourable

| Exact
\]
2.x10-1- L Reduced
_ 15x10""
é
1.x107
5.x102
0001A A  2A 3A 4A 5A 6A 7A 8A 9A

|z-2']

FIG. 2. (Color online) Comparison of exact and reduced Green’s functions
for a two layered media for p;, = 0.1.
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agreement. In order to make quantitative comparison, we
also calculate the relative error defined as

| Gexact - Greduced |

Error =
| Gexacl |

(16)

and present it in Fig. 3. It is seen that the error stays the
same in the whole distance range from near field to far field.
The average computation time of the reduced Green’s func-
tion for a single point, |z — Z/| = 0.24, is 0.1058 s whereas it
increases to 0.1541 s for the exact one. It should be empha-
sized that the small difference in calculation times for the
reduced and exact Green’s function will apparently become
significant when a recursive calculation will be required to
obtain a larger set of data points commonly encountered in
tomographic imaging algorithms.

B. Three-layered media

We examine the efficiency of the reduced Green’s function
in a three-layered medium with N = 3, see Fig. 1. The densities
and the velocities of the layers are, respectively, p; = 100
glem®, p, =700 g/em?®, p; = 1000 g/em®, ¢; = 1600 m/s, ¢,
= 1645 m/s, and c3 = 1675 m/s for layer 1, layer 2 and layer 3.
The thickness of the second layer is taken as d; = 16 x 10~*
m. The Green’s function Gy, is calculated by solving the sys-
tem (8) for N=3. The coefficient appearing the Green’s func-
tion is given by

R=1 an
where E5 and Aj are given, respectively, by
E; = —cosh(K>,)K-, (p3K-, + Kz,)
+ sinh (K, ) (psK:, K, + p1aK?), (18)
A3z = cosh(K>,)K-, (p 13K, — K,)
+sinh(K., ) (pp3K-, Kz, — p1oK?). 19)

9.80

9.74

9.72

0001A A 2A  3A 4A 5A BA TA  8A  9A
1z-7|

FIG. 3. Relative error of exact and reduced formulations for a two-layered
media for pj, = 0.1.
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1.8x1074 - Exact

————— Reduced

1.6x107 \
1.4x10™*

1.2x107F

1G]

1.x10™*

8.x1075

6.x1075+-

0001A A  2A 3A 4A 5A 6A TA 8A 9A
Iz-2|

FIG. 4. (Color online) Comparison of exact and reduced Green’s functions
for a three layered media for p;; = 0.1, for (x,x') = (24,24).

Since the densities for the considered case are ordered as
p1 < py K p3, the smallest parameter becomes p3 = p;/p3
and its value is p;3 = 0.1. We may, hence, omit the terms con-
taining p,3, which can also be determined by Eq. (14), from the
expressions (18) and (19) simultaneously thereby obtaining the
reduced Green'’s function. Looking closely to the terms contain-
ing pi3, it can be seen that these terms are responsible from
some of multiple reflections in bounded region between the
first and the third medium. Due to the high contrast between the
two media, this multi reflection effect is small enough to be
neglected.

Figure 4 exhibits the numerical comparison of the
reduced and exact formulations of Green’s functions with
respect to the distance |z —Z/| for p;3 =0.1, for (X/,7)
= (24,24). Once again, there is a remarkable coincidence of
exact and approximate forms. Near field computation times
for a single point |z —z/| = 0.24 of the reduced and exact
formulations are 0.2080 and 0.2114 s, respectively. In the
far field, |z — /| = 34, they are calculated, respectively, as
0.2466 and 0.2696s. A decrease in computation time is
clearly observed for the reduced Green’s function. The
graph of the relative error between exact and reduced
Green’s functions is displayed in Fig. 5, which is bounded
by 8% for all distance ranges. In order to investigate the
effect of source and observation point location, oblique

%Error

0001A A 2A  3A  4A 5A  BA T7A  8A  94A
1z-7|

FIG. 5. Relative error of exact and reduced formulations for a three-layered
media for p;3 = 0.1.
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Exact

————— Reduced

1.8x107+
1.6x107*
1.4x107}

1.2x107 ¢

1G]

1.x1074+
8.x1075+-

6.x1075

0001A A 24 3A 4A 5\ 6A T7A 8A 9A
Iz-2|

FIG. 6. (Color online) Comparison of exact and reduced Green’s functions
for a three layered media for p;; = 0.1, for (x,x) = (2.24,22).

observation are considered by taking the source and mea-
surement locations as (x,x") = (2.24,22). The function,
G, for three layered media and error graph are presented in
Figs. 6 and 7, respectively. As it is seen, oblique observation
results are almost the same as with previous measurement
setups where the source and observation are on the same
line, perpendicular to the layer, given in Figs. 4 and 5.
Hence, the relative positions of the source and observation
points has no discernible influence on the accuracy of pro-
posed reduced Green’s function.

In Tables I and II, the relative error between exact and
reduced formulations are presented for a three-layered media
for various pi; ratios both in near and far fields. Here, the den-
sity py is fixed at p; = 100 g/cm? and p; varies accordingly as
determined in the first rows of Tables I and II.

It is demonstrated in Tables I and II that the smaller den-
sity ratios result in smaller errors. When density ratios is less
than 0.1, the terms may be neglected in the reflection coeffi-
cient(s) in both near and far fields which may be taken as a
threshold with an error around 1% and 3%, respectively.

C. Four-layered media

In a four-layered media, we examine the efficiency of
the reduced Green’s function for two different setups: in the

%Error

1 1 N L L

0001A A 2A  3A  4A 5A  6A 7A  8A  9A

I S
1z-7Z]|

FIG. 7. Relative error of exact and reduced formulations for a three-layered
media for p;5 = 0.1, for (x,x') = (2.27,27).
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TABLE I. Exact and reduced Green’s function values and relative error
against varied ratio of densities p;; in three layered medium for
|z—2'| =0.0014.

P13 05 04 03 02 01 005 0.025 001
Exact (x107%) 4.83 487 491 491 501 504 505 5.06
Reduced (x10™) 5.07 5.07 507 507 507 507 507 507
Error (%) 482 4.04 3.19 224 1.16 0.60 030 0.12

first one, both the source and measurement point are located
in the first layer, requiring the computation of G;. In the
second setup, the source and measurement point are located
different layers where source in the first layer and measure-
ment is in the third layer requiring the computation of Gys.
We also investigate the effect on the order of density magni-
tudes in both setups by sorting them differently in two
subcases.

In all cases, the sound velocities are taken as
¢ = 1600, ¢, = 1645, ¢3 = 1675, ¢4 = 1650 m/s.

Setup 1: In this first setup, both source and measure-
ment points are located in the first layer. The thicknesses of
the second and third layers are taken as 16 x 10~*m. The
reflection coefficient in the Green’s function G, therefore,
takes the following form:

(1)

R4_L

=4 (20)

where Ef‘l) and A4 are given as

EEU = K,,cosh(K,) (Kicosh((l - H3)K,)
x (K, — puK:,) + sinh((1 — H3)K,)
X (/)341(211(Z4 - ,013K33)> + sinh(K,)
X <K23cosh((1 - H3)Kz3)(P12K322 — puK K,)

+sinh((1 — H3)K..) (K2 — p23K21K223)>, Q1)

Ay = K,,cosh(K,) (Kicosh((l —H3)K-,)
x (K, + p14Kz,) + sinh((1 — H3)K>,)
x (p1sK2 + priK. K-,) ) + sinh(K-,)
x (Kecosh((1 = Ha)K-,) (p1oK2 + poik: K-.)

sinh((1 = H3)K:) (025K- K2 + propsik2K-) )
(22)

TABLE II. Exact and reduced Green’s function values and relative error
against varied ratio of densities p, in three layered medium |z — Z/| = 7 4.

P13 0.5 0.4 0.3 02 0.1 0.05 0.025 0.01
Exact (x107%) 442 466 493 524 560 580 590 597
Reduced (x107%)  6.01 601 6.01 6.01 6.01 6.01 601 6.01
Error (%) 36 29 21 14 7 372 1.86 0.74

J. Acoust. Soc. Am. 151 (6), June 2022

For the Green’s function G, let us consider two cases.

In the first case, the densities are given as p; = 100 g/cm?,
p, = 500 g/em?, p; = 700 g/em’, p, = 1000 g/cm® which cor-
responds to p; K p, K p3 K py, giving the smallest parame-
ter as py4. The reduced Green’s function is obtained by
neglecting the containing the smallest term p4 using the for-
mula (14).

The results of the numerical comparisons are presented
in Fig. 8 and a remarkable agreement is observed for all
points both in the near and far fields.

The computation time of the reduced Green’s function
for a single point in the near field, |z —Z'| =0.24, is
0.3613 s, whereas it increases to 0.4203 s for the exact one.
In the case of far field for |z — Z/| = 34, they are given as
0.3662 and 0.4062s. A notable decrease is evident in the
computation times even for a single point.

Now for the second case, we consider different densities
where p; = 500 g/cm3, py, =100 g/cm3, pz = 1000 g/cm3,
ps =700 g/cm3 corresponding to p, K p; K py K p3
which has different descending order from what has been
considered so far. The smallest term, in this case, becomes
py3 and neglecting, once again, the terms containing p,;
from Egs. (21) and (22), the reduced Green’s function is
straightforwardly obtained. The exact and reduced Green’s
functions are compared in Fig. 9. Although an identical plot
is displayed to the previous case, there appears a slight shift
of the reduced Green’s function due to the different ordering
of the layer densities. The CPU times are calculated as 0.3355
and 0.3358 s in the near field at |z — /| = 0.24 corresponding
to reduced and exact formulations, whereas they are given as
0.3776 and 0.3911s, respectively, in the far field at
|z — 2| = 3. The relative errors, displayed in Fig. 10, in each
case, diminish in the far field and become bounded by 8%.

Setup 2: In this setup, the source and measurement
points are taken in different layers, the source being in the
first layer at z/ = 22 m and the measurement point being in
the third layer. The thicknesses of the second and third
layers are taken as 16 x 10™* and 48 x 10~*m, respec-
tively. The structure of the exact Green’s function, now,
takes the form

Exact

-------- Reduced

1.6x107%+

1.4x1074+

1.2x1074+

|Gl

1.x107%}

8.x1075"

6.x1075}

0001A A  2A 3A 4A 54 BA 7A 8A 9A
1z-7]

FIG. 8. (Color online) Setup 1: Comparison of exact and reduced Green’s
functions for a four-layered media for p;, = 0.1.

Ozdemir etal. 3681


https://doi.org/10.1121/10.0011547

Exact

1.6x10

-------- Reduced

1.4x1074+

1.2x10™4

1G]

1.x107 -

8.x1075+

6.x1075

0001A A  2A 3A 4A 5A 6A 7A 8A 9A
Iz-2|

FIG. 9. (Color online) Setup 1: Comparison of exact and reduced Green’s
functions for a four-layered media for p,; = 0.1.

Gis = ir(c@) sinh(k.,z)
21 0 ! 3

kelx — X'
+ % cosh(k,,z)) Mdkx, (23)
Z1
where
3 3
o _ EY _ Fy 24)
1 A4 ’ 2 A4 ’

EY) = 207751k, K., (—K., psscosh(H;K.,)

+ K_,sinh(K., H3)), (25)
FY = 2075k K., (—K.,cosh(H3K.,)

+ puK.,sinh(K H3)). (26)

We, again, consider two sub cases. In the first sub case, we take
the densities in order of increasing magnitudes, i.e., p; = 100
glem’, 0, = 500 glem’, pz =700 glem’, p4 = 1000 glem’,
which corresponds to p; < p, <K p3 <K py, giving the small-
est parameter as p 4. This gives the reduced form of G3 omit-
ting the smallest terms containing p4 in the expressions (22),
(25), and (26) on using Eq. (14).

10 : : : . — G11[p1a]

===~ Gulp2s]

%Error

1z-7]

FIG. 10. Setup 1: Relative errors of exact and reduced formulations for a
four-layered media for p;4, = 0.1 (solid line) and p,3 = 0.1 (dashed line).
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Exact

-------- Reduced

2.5x1072+

2.3x1072-

2.x1072+

1G13l

1.8x1072

1.5x1072

1527 o 2A 254 37

z

-1.001A

FIG. 11. (Color online) Setup 2: Comparison of exact and reduced Green’s
functions for a four-layered media for p4, = 0.1.

In the second sub case, we take p, < p; < py < p3, by
assigning p; = 500 g/em?, p, = 100 g/em?, p3 = 1000 g/em?,
p4 = 700 g/em®. As before, the reduced Green’s function is
obtained by neglecting the asymptotically smallest term p,;
appearing in the coefficients (22), (25), and (26).

Both Figs. 11 and 12 illustrate the numerical compari-
sons from the measurement point located in the third layer
coordinate at z = —1.001/4 to z = —31. The horizontal axis
is labeled in terms of the increasing distance between source
and measurement location. It is clear from both figures that
as the distance to source increases, the magnitude of
Green’s function decays. It should be noted that the oscilla-
tory behavior is a result of the existence of downward and
upward waves in layered media and the width of oscillation
mainly depends on the thicknesses of layers. The exact and
reduced forms of Green’s functions overlap remarkably well
in both sub cases. As a consequence of the parametric analysis
employed in deriving the reduced Green’s functions, there is
also a gain in the CPU times in both sub cases; the reduced
ones given by 0.244556, 0.235901s at z = —32 x 107* and
the exact ones given by 0.248239, 0.237248s at z = —32
x107*, for first and second sub cases, respectively. The rela-
tive errors displayed in Fig. 13 for each sub case are well
below 1% and confirm the remarkable agreement between the
exact and reduced formulations. The comparison of calcula-
tion times of exact and reduced Green’s functions in all cases

Exact

-------- Reduced

2.5x1072

2.3x1072

2.x1072+

1G13l

1.8x1072}

15x1072 1

1527 o 2A 254 37

z

-1.001A

FIG. 12. (Color online) Setup 2: Comparison of exact and reduced Green’s
functions for a four-layered medium for p,; = 0.1.
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14+ — Gi3lp1a]

=== G13[p23]

%Error

z

FIG. 13. Setup 2: Relative errors of exact and reduced formulations for a
four-layered media for p,, = 0.1 (solid line) and p,; = 0.1 (dashed line).

considered above in both near and far field regions are pre-
sented in Tables III and IV. It is clearly observed that, even
for a single point, the CPU times decrease in case of reduced
Green’s functions which proves to be an important advantage
in imaging algorithms where the Green’s function is required
to be computed recursively. However, we should note that as
the number of layer increases, the improvement in computa-
tional times decreases. The reason for this can be explained as
that as the number of layer increases, the number of terms in
Green’s function increases and thus, the effect of ignorance of
leading order term diminishes.

V. CONCLUSION

In this paper, a parametric analysis is applied to derive
reduced forms of acoustic Green’s functions for a layered
media. Taking advantage of the different order of magni-
tudes of the layer densities, a small parameter is introduced
in the formulation of Green’s functions which, then, enable
the reduction of the kernels resulting in reduced Green’s
functions. Comprehensive numerical investigations are con-
ducted in layered medium by varying the number of layers
and sorting the orders of densities. The accuracy of the
reduced Green’s functions are tested against the exact ones
taking into account the distance between the source and
measurement location. The results affirm that the method

TABLE III. CPU time in seconds per point for near and far field ranges for
Gy

Exact Green’s Reduced Green’s  p,,, Number of layers

0.1541 0.1058 pp <1 2-Layered
0.2114 0.2080 pi3 <1 3-Layered
z—7Z]=022 04203 0.3613 pa <1 4-Layered
0.3358 0.3355 P K 1 4-Layered
0.2596 0.1067 pp <1 2-Layered
0.2696 0.2466 p3 <1 3-Layered
lz—2Z] =32 0.4062 0.3662 py <1 4-Layered
0.3911 0.3776 P < 1 4-Layered
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TABLE IV. CPU time in seconds per point for far field range for G5.

Exact Green’s Reduced Green’s  p,,  Number of layers

0.248239
0.237248

0.244556
0.235901

|z—7|=4. Py <1

P <1

4-Layered
4-Layered

employed facilitates faster and efficient calculation times
and, thus, proves to be an effective approach in the simplifi-
cation of Green’s functions.
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