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Abstract In this paper we study the possibility of having a
wormhole (WH) as a candidate for the Sgr A* central object
and test this idea by constraining their geometry using the
motion of S2 star and the reconstructed shadow images. In
particular, we consider three WH models, including WHs
in Einstein theory, brane-world gravity, and Einstein—Dirac—
Maxwell theory. To this end, we have constrained the WH
throat using the motion of S2 star and shown that the flare
out condition is satisfied. We also consider the accretion of
infalling gas model and study the accretion rate and the inten-
sity of the electromagnetic radiation as well as the shadow
images.

1 Introduction

WHs are tube-like structures which may connect, as short-
cuts, two or more spatially or temporally separated regions
in the spacetime. Geometrically, they are non-singular and
traversable structures which admit a throat. The elusive WH
geometry is supported by the Einstein’s theory of general
relativity (GR) being one of the exact solutions of Ein-
stein field equations (see [1,2] for historical reference and
reviews). Classically, the existence and stability of WH
geometry requires the presence of negative energy density
and the violation of the weak energy condition, however
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other approaches such as quantum gravity and quantum field
theory in curved spacetime minimize such violations near
the WH’s throat. In classical GR, type I WHs derived in [3]
are the solutions to the field equations that violate the least
the local energy conditions. Besides, WHs have been real-
ized in extended or beyond GR theories as well including
Einstein—Gauss—Bonnet [4], Brans—Dicke [5], scalar—tensor
[6], f(R) [7], Braneworld [8], 4D Gauss—Bonnet gravity [9]
and in Einstein—-Maxwell-Dirac theory [10].

Currently, the WH paradigm is one of the leading candi-
dates for the tests of strong gravity and high energy astrophys-
ical phenomenon in the observable universe. For instance,
different forms of WHs have been tested to reproduce the
result of the recent detection of shadows of an object at the
center of galaxy M87 [3,11], numerous microquasars with
quasiperiodic oscillations [12] and the gravitational lensing
events by compact gravitational sources [13], since obser-
vations do not strictly support interpretations via black hole
(BH) models solely [3]. Consequently, numerous astrophys-
ical tests of traversable WHs have been carried out for dis-
tinguishing WHs from BHs to further test the limits of GR
and beyond-GR theories.

In the present context, it would be central to understand
how does the dynamics of a star and light around a WH dif-
fer from that of a BH. It has been noted in [14] that WHs
can cause demagnification of images of background sources
unlike BHs, which can constrain exotic spacetime geome-
tries. For a BH, light moves around in a null circular geodesic
constituting a photon sphere outside the event horizon, anal-
ogously a photon sphere is formed outside the WH’s throat.
In order to detect the shadows of any astrophysical WHs
by an observer, an optically thin accretion disk of gas sur-
rounding the WH is necessary [15]. However, due to weak
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gravitational field of WHs compared to BHs, the size of the
shadow’s boundary is expected to be smaller. Since every
WH has a different shadow boundary, the detection of the
shadow of M87 galaxy’s central object has already ruled out
certain models of WHs [2]. From a theoretical point of view,
the investigation of the shadow of the Sgr A* has also ruled
out certain types of WHs [3]. Further, the S-cluster of stars
orbits the Sgr A* in which one of the stars known as the S2
star experiences an acceleration close to 1.5 m/s> which can
be tested using both BH and WH backgrounds.

Another improved test of astrophysical detection of WHs
is the X-ray analysis of the radiation emitted from the inner
regions of the accretion disks surrounding compact objects
[16], where the disk needs to be geometrical thin and optically
thick, within the standard framework of Novikov—Thorne
model. The reflection spectrum of a BH is reported to be
markedly different from a WH provided the accreting gas
transfers from one mouth of the WH to the next one. This
process produce novel signatures in the emission and reflec-
tion spectra. Moreover, after the detection of gravitational
wave events due to merger of binary BHs, a new window to
gravitational wave astronomy has just opened [17]. By look-
ing in the details of the merger and the quasinormal modes
detected for each gravitational wave event, it would be pos-
sible to distinguish if the merger culminates in a BH or a WH
[18]. In the similar vein, the scattering of gravitational waves
by WHs and other compact objects might create a stochastic
gravitational wave background which would also be a test of
strong gravity for distinguishing sources [19].

In this article, we attempt to constrain few well-known
WH solutions as a test for strong gravity. That is, by choos-
ing specific WHs which are exact solutions of certain gravita-
tional theories, the free parameters such as charge and throat
radius, for each WH spacetime are constrained using the
data of S2 star orbiting Sgr A*. We also reconstruct shadow
images for each WH and make comparison with a shadow of
Schwarzschild BH since we work with static and spherical
symmetric spacetimes only. Our paper is structured as fol-
lows. In Sect. 2 we give the overview of different WH geome-
tries in consideration and analyze their embedding diagrams
in a flat Euclidean space. In Sect. 3, we will prescribe the
procedure to study orbital dynamics of S2 star in the WH
geometries. In Sect. 4 we discuss and determine the con-
straints on the parameters of the three WH models introduced
in our previous sections. In Sect. 5 we consider the accretion
of infalling gas and study the mass accretion rate and how
it is related to the throat rate change. We evaluate the inten-
sity of the electromagnetic radiation due to the accretion of
thin disk and compare it to the energy radiated by the same
disk accreting on to a Schwarzschild BH of same mass as
the WH. In Sect. 6 we investigate the shadow images and the
intensity of WHs using infalling gas model. In Sect. 7 we
firstly produce synthetic datasets and then we reconstruct the
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images of WHs using the infalling gas model. We conclude
in Sect. 8.

2 WH models

Let us consider a static and spherically symmetric space-
time ansatz, commonly termed as Morris—Thorne traversable
WH, which in Schwarzschild coordinates can be written as
follows [1]

2 _ 2 dr? 2, .2 2
ds? = Adr* — pos = C) (d9 +sin?6 dg ) )
where
A(r) = Br)y=1- @, C(r) = r2.

r

Here ©(r) is the redshift function and b(r) is the shape func-
tion. These functions depend on the radial coordinate r and on
the parameters of the solution as the throat radius . In sub-
sequent sections we will need to write explicitly, say, b(r, ro)
and in this case a prime notation will always mean derivative
with respect tor (this derivative is sometimes written as d/dr)
and derivative with respect to ro will always be denoted by
d/9rg. The throat corresponds to the minimum value of 2.
The redshift function ® (r) should be finite in order to avoid
the formation of an event horizon and should tend to zero
for large r to ensure asymptotic flatness. On the other hand
the shape function b(r) determines the WH geometry, with
the following condition b(rg) = ro. Consequently, it follows
that the functions (b, ¢>®()) have to satisfy the following
conditions:

lim ¢2®®) — finite = 1,
r—00

b<rifr >ry and b(rg) = ro,
lim (b/r) = 0,
r=00
rb’ < b (flaring-out condition),
b'(ro) < 1. (2

If the mass M of the WH is finite then one must have
lim, o0 b = 2M [20].

2.1 Model I: specific redshift and shape functions

Let us consider the following choice for the WH metric [21-
23]

)
T T
ds> = 6_2(T0+’%)dt2 - dr?

- =7

3)
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where the redshift function is given by

() = —ro/r — 13/, 4)
and
by =ro ()", )

where y > 0. If y = 0, the mass M = ry/2 and in the case
y > 0 we have lim, o b = 0 = 2M, so that the WH is
massless. If y < 0, the WH mass can diverge, i.e. M = oo.
Accordingly, one can chose only finite distance corrections
and in general the case y < 0 is a mathematical curiosity
and not a physical solution. Of course, for such a solution
one can always adjust the parameters to get the desired best
fit.

Let us recall that the rotational velocity of a test particle
in spherically symmetric space-time, within the equatorial
plane is determined by

Vi (1) =7 @' (), (6)
yielding
T T
o ="[1+2(2)] ™
r r
As a special case y = 0 and ®(r) = —rop/r, we obtain
a special case having vtzg (r) = "2, which was studied by
Bambi [24].

2.2 Model II: the Bornnikov—Kim WH solution

An exact WH solution in the context of Einstein—Dirac—
Maxwell theory has been recently proposed in [10] which
coincides with the Bronnikov—Kim WH solution obtained
as an exact solution in the context of brane-world gravity
[25,26] given by

M\? dr?
ds? = (1 - —) di* - a9, ®)
)
r ror
where dQ? = d6? + sin’ 0 d¢> and the parameter M is
related to Q2 by

_ 20%n

©))

Note that ry denotes the size of WH throat (since one assumes
ro > Q) and Q is the charge. As we pointed out, this metric
coincides with Bronnikov—Kim WH upon making the sub-
stitutions M — 2M and Q?/rg — ry, yielding [25,26]

2 2
d52: <1_%> dtz_(]d;
r

“H -5

—r2dQ?%, (10)

where rq is the throat’s radius [ro > r; = Mro/(ro — M)].
If we now introduce the following dimensionless parameter
q =ro/2M > 1[27], then the condition for having a WH is
provided by g > 1.

Note that for the solution (8) the effective shape function
has the form

2
b(r):ro+Q——Q—, 11
ro r

and the mass M of the WH (10) is given by

B Q2+r§

M
2}’0

12)

2.3 Model III: Braneworld gravity WH

Another interesting WH solution in brane-world gravity
found in [25,26] is given by (also known as the Casadio—
Fabbri-Mazzacurati metric)

2 -2
ds? = <1 — Q) dr® — Zr > dr* — r2dQ2,

r A

(=) (1-%)
(13)
where rg > 2r, and r, is defined by
MG

I"g = 6—2, (14)

where G and c¢ are known universal constants. The shape
function has the form

(-9 (1-%)

3rg

2r

b(ry=r —

r and rg > 2rg, (15)

yielding the following relation between the parameter M and
mass of the WH is

c2r0 M _ cz(Zro +7rg)

M=%6 "3 4G

(16)

Note that metric (13) can describe different objects
depending on the value of rg. In particular if we introduce
the following dimensionless parameter g = ro/rg, > 0[27],
one can have a traversable WH if ¢ € (2, co) or aregular BH
ifg € (%, 2). The Schwarzschid BH is recovered if ¢ = 3/2
yielding M = M, and the case g € (0, %) corresponds to a
Schwarzschild-like BH with the curvature singularity lying
atr = %rg.

For a physical definition of the mass of an attractive cen-
ter, here a wormhole, we have adopted the ADM one [20],
which is the commonly used definition and it is more relevant
for theoretical investigations. From an observational point of
view, the ADM mass can be related to many other physical
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entities that can be directly observed (as the coefficient of
the 1/r term in the expansion of g;, or the coefficient of the
1/r3/% term in the orbital frequency).

2.4 Embedding of WH slice in flat space

Having the expression for b(r) one can discuss the embed-
ding diagrams to represent the above WH models by con-
sidering an equatorial slice 6 = /2 at some fix moment in
time ¢ = constant. The metric can be written as

dr?
1= b

r

ds® = +rid¢. (17)

We embed the metric (17) into three-dimensional Euclidean
space (written in cylindrical coordinates) to visualize this two
dimensional spatial slice

ds®> =dz* + dr? + r2d¢>. (18)

From the last two equations we find that

dz r
E=i\/ r—b(r) -l (19)

where b(r) depends on the specific choice of the WH geom-
etry. Note that the integration of the last expression cannot
be accomplished analytically. Invoking numerical techniques
allows us to illustrate the WH shape given in Fig. 1.

3 Orbital dynamics
The equations of motion of the test particle (S2 star), in the

spherically symmetric WH metric assuming without loss of
generality 0 = /2, are:

(20a)

. _ —BO [A’(r) 2.y B'(r) r'2—C/(r)q'52],

2 B(r)2 (20b)

é = = (20c)
where £ and L are the conserved energy and the angular
momentum of the particle per-unit-mass, and the overdot
stands for derivative with respect to the proper time, t. In
terms of Cartesian coordinates, we denote the position of the
real orbit as (x, y, z), and velocity components (vy, vy, v;).
In our present case, 6 = m/2, these are obtained using the
transformation from spherical Schwarzschild coordinates to
Cartesian coordinates:

z=0, 2D

X =rcos¢, y =rsing,

and the corresponding three-velocities are [28]:

Uy = Uy COS¢ —rVpSing, vy = v, sing + rvg cos ¢,
v, =0, (22)

where v, = dr/dt and vy = d¢/dt.

One can use Eqgs. (20a)—(20c) to obtain the orbit of S2
star and then we can compare with the observational data to
constrain the parameters in our WH models. To do so, we
also need to find the apparent orbit on the plane of the sky
by projecting the real orbit onto the observation plane as was
argued in [28]. On the plane of the sky, the star traces an
orbit with Cartesian positions Xops and Yops, defined by the
observed angular positions, i.e. the declination § and the right
ascension o
Xobs = Do (o — aSgrA*)v Yobs = Do (8 — SSgrA*) (23)
centering the coordinate system on Sgr A*. We adopt in this
work D = 8 kpc

Following the same arguments shown in [28] and with-
out going into further details here we can relate the appar-
ent orbit given by coordinates (X, ), Z) to the real orbit

Fig. 1 Left to right: The embedding diagram of WH model I, WH model II and WH model III, respectively. We have used the constraint values

for parameters obtained from S2
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given by (x, y, z) and obtain the corresponding components
of the apparent coordinate velocity, (Vx = dX/dt, Vy =
dy/dt,Vz; = dZ/dt), as follows [28]

Vx = vy (sin 2 cos w + cos 2 sin w cos i)

+vy (—sin 2 sin w + cos 2 cos w cos i),
Vy = vy (cos 2 cosw — sin 2 sin w cos i)

+vy (—cos 2 sinw — sin Q2 cos w cos i),

V7 = vx (sinwsini) + vy (cos wsini), (24)

in which we have the following quantities: w, i, and €2 (the
osculating orbital elements) known as the argument of peri-
center, the inclination between the real orbit and the obser-
vation plane, and the ascending node angle, respectively. It’s
worth noting that the radial position can be written as

r=a(l —ecoskE), (25)

with a being the semi-major axis of the ellipse, e the eccen-
tricity, and E its eccentric anomaly. The latter is related to
the true anomaly, which is the azimuthal angle ¢, by

(cosE —e)

(1 —ecosE)’ (26)

cos¢p =

Unfortunately, as we know in the case of general relativistic
setup, finding an exact analytic expression in a closed-form
for r (¢) is not possible. In order to compare and test different
theories we can use r (¢) and ¢ (¢) via a numerical integration
of the equations of motion (20a). That means we can find
r(¢) by means of numerical methods.

4 Constraints using S2 star orbit

In this section, we shall turn our attention to study the WH
geometries using observational data for the star S2. In fact,
one of the methods to study the nearby geometry of the cen-
tral compact object in the Milky Way galactic center is to
analyze orbits of S-stellar cluster around Sgr A* [29-33]. In
fact, it was argued that one can use the S cluster stars to set
constraints on the BH mass (in the present work we shall
assume units of mass 4.07 x 1O6M@ [34]). Moreover the
motion of S2 star has been used to constrain different mod-
els for the dark matter distribution inside the inner galactic
region, such as the dark matter spike model investigated in
Ref. [35]. To this end, we are going to use the S2 orbit data
collected during the last few decades (see, [36]), to fit the
different WH models, in particular we would like to see to
what extent the WH models considered here can mimic the
BH hole geometry.

We shall analyze the motion of S2 star using the WH
geometry. To fit our WH model, we have to solve the equa-

tions of motion numerically (see, for details [37]) and to
use few orbit parameters, including the inclination angle (i),
argument of periapsis (w), angle to the ascending node (£2),
the semi-major axis (a) and eccentricity (e) of the orbit. The
best-fitting values for the parameter b and the BH mass M are
derived from the MCMC analysis using the emcee software.
Note that in our setup, we use the Bayesian theorem accord-
ing to which the observations O, and the vector containing
the parameters of a model, say P, the posterior probability
density 7 (P|0), is given by [38]

Inm(P|O) o<In f(O|P) +Inn(P), 27

in which 7 (P) is the prior probability density of the param-
eters and the likelihood function is given by

2 o

i=1 obs,i

1 ol (aobs i — ®mod i)2
Inf(O|P)=—=>" el | (28)

where «,ps and o;,,q are the two observed and theoreti-
cal(WH models) quantities (X,ps, Yops), and (Xpmod, Yimod),
respectively. In what follows we shall present our results for
the each WH model.

4.1 WH model I

Using the WH model I along with the observational data we
obtain numerically the best-fitting orbit for the S2 as shown
in Fig. 2, where the star » denotes the position of Sgr A*
or the galactic center. In this specific model, we took the
uniform priors within the range ro ~ [M,3M] and y ~
[—1, 1] and found the best fitting values for WH model 1
within 68% confidence level ro = 1.029f8:88?M as shown
in Fig. 3a. We obtain for the parameter y the best fitting value
y = —0.238f8:88§ within 68% confidence level. In order to
maintain the WH structure, we need to check whether the
flaring out condition is satisfied, that is such a condition needs
to be satisfied in order to keep the WH mouth open. This
condition at the WH throat region is given by the following
relation

=22 ()

r

< 1. (29)

ro
Taking r =rg ~ 1.03 for the WH throat radius and y ~

—0.24, we find that this condition is indeed satisfied for this
model as well

bl ~0.24 < 1. (30)

Note also that for the eccentricity and the semi-major axis
we obtain 0.89 and 126.4 mas, respectively.

@ Springer



633 Page 6 of 15

Eur. Phys. J. C (2022) 82:633

1.0324

1.0314

1.0301

o
o
~
S
&

1.029 4 7.50

1.028 4 7.254

1.0274

7.5

7.0

o

6.5

6.0

5.5

—0.255 —0.250 —0.245 —-0.240 —-0.235 —0.230 —0.225 —-0.220 -0.215 1.95 2.00
Y

2.05 2.10 215 1.027 1.028 1.029 1.030 1.031 1.032 1.033

Q M

Fig. 3 The constrains of WH parameters (rg, y, Q, M) using the parameter space for three different WH models with 68% and 96% confidence
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Fig. 2 Orbitof S2 around the galactic center (Sgr A*) as a model fitting
using the WH model I. We used the observational data from [36]. In the
particular case we used the best fit rp = 1.03M and y = —0.24. We
work in mass units 4.07 x 10°Mg = 1

4.2 WH model II

For the WH throat we found the best fitting values within
68% confidence level rp = 7.711‘8:42‘(8)M as shown in Fig. 3b.
Moreover, we also find from the parameter space the best
fitting values for the charge Q = 2.06“:8:82’ within 68% con-
fidence level. We find that this condition is indeed satisfied
for this WH model

Q2

b'(ro)) = =| , €1y
r< lrg

yielding

b'ly, ~0.07 < 1. 32)

At this point, it is interesting to estimate here also the mass
parameter using the best fit values for (Q, o)

2 2
M= Q—”’z ~1.028 (33)
0? + 75

@ Springer

implying that the condition Q > M is fulfilled. Alternatively,
in the language of the metric (10) we can estimate r| ~
0.55 implying the following conditions: ro > r; and ¢ =
ro/2M ~ 3.74 > 1, are also satisfied.

4.3 WH model III

We found the best fitting values within 68% confidence level

ro = 6.639f8:33§M as shown in Fig. 3 (c). For the paran:)egglr

space we obtain the best fitting values M = 1.029‘1‘0.001
within 68% confidence level. We find that this condition is
indeed satisfied for this model too

M (2rog —3M)

b'(r) = 34
=G 207 |, G

at the WH throat yielding

b'ly, = 0.100 < 1. (35)

Thus, we can estimate the ratio between ro and M to obtain
the quantity ¢ = ro/M ~ 6.451. In other words, for such
domain of parameters the metric (13) describes a traversable
WH spacetime.

Finally we have used the reduced x? to see how well the
WH models fit the data using the following definition [38]

2 al (aubsi — Umod i)2
=) e (36)

i=1 Oobs,i
along with
2
2 X
Xr= (37)

where k = 3N — n, with N being the number of obser-
vation dates and n the number of fitted parameters. Some-
times it is useful to compute the mean of the x> defined
as (x2) = (x2)/2 = (x% + x2)/2. In Table 1 we present
our results which suggest that in all models sz > 1, while
the best fitting model is achieved when y, is around 1. That
means WH model I and WH model I1I fits the data well and
are better models compared to WH model II and the BH
model. In other words, based on the motion of S2 orbit WH
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geometry can mimic the BH geometry very well but we can
distinguish them via the shadow images. In what follows we
shall comment on accretion of matter onto WHs using the
best fits value we obtained above.

5 Accretion of matter onto WH

In this section we first present a general treatment by which
we relate the mass accretion rate M (with M being the mass
of the WH and dot denotes time derivative), of any accretion
process spherical or not, to the rate of change of the throat
radius rg.

We take the stress-energy tensor (SET) of a WH to be
anisotropic of the form

T, = diag(p(r), —pr(r), —p:(r), —p:(r)), (38)

with no dissipation effects, where p is the energy den-
sity and p, and p; are the radial and transverse pressures
respectively. Using solely the Einstein field equations and
(G*, = 8mTH)), the SET conservation

ab
— =8nr’p, (39)
or
o> 8nr’ b
e M7 (40)
ar r(r —b)
3 AP
2p = 2pr + 1 L5 4 (py + p) 1)
ar ar

and the relations b(rg) = rg and lim, .o b = 2M, it is
straightforward to show that [3,20]

0]

2M =ro+ 87 / r2p(r)dr. (42)

ro

In the case when p > 0 for all r, we obtain M > ry/2 [3].
This static relation holds also in any accretion process (spher-
ical or not) provided the accreting matter [the interstellar gas
need not to be confused with the source term in the field
equations (38)] does not alter the geometry of the spacetime
nor does it alter the SET (38). That is, the accretion pro-
cess is slow enough to permit the spherical symmetry of the
WH and the SET remains preserved. However, if M > rg/2
holds during an accretion process, this does not mean that
M and 7y have necessarily the same sign. In the case where
p may assume both signs, any of the two static relations
M Z rog/2 holds during an accretion process. To show that
this is indeed the case, we will shortly derive the relation
M) /ro(t) = M/rg where (M, rg) are some initial val-
ues.

During an accretion process the mass M becomes a
slightly varying function of time where the accretion rate M

may have both signs depending on the nature of the accreting
matter (ordinary matter, dark matter or phantom matter). To
see how the throat radius varies during an accretion process,
we differentiate both sides of (42) with respect to time

. < ap(r, .
IM = (1 — 8mr2po + 871/ y290(r.r0) dr) Fo,  (43)
70 aro

where we assumed that the energy density, being a function
of the radial coordinate r, depends also on ro: p = p(r, rp).
This is obvious from the first line in (39) since the function
b always depends on ry.

By the first line in (39) we have 82b/drqdr = 8w r2dp(r,
rg)/dro. Using this in (43) and integrating we obtain

. b r—0o00
2M = <1 —8nrdpo + — )r'o
970 [,
ab ab |
= (1 - = — )r'o, (44)
or r=rq 87’() r=rq

where we have used (39).

In order to evaluate the right-hand side of (44) we need to
notice that the general expression of b(r, ro) may be brought
to the form

2M T
b(r.r) =roh(). hO) ===, h(h=1 (y="2),
ro r
(45)
provided the mass M of the WH is finite. We obtain
ab(r,
9b(r, ro) = —1'(1), (46)
ar r=rop
(here h’ = dh/dy) and
ab
S =h0O) + ). 47)
ro
This yields
ab 2M ab
= —h0)= =" and —| =h()+H ),
drp lr—o0 ro arg lr=ro

where we assumed that b is not perturbed during accretion
since the mass of the accreting matter is supposed to be much
smaller than that of the attractive center. Substituting in (44)
we arrive at

M= M 7o. (48)
ro

We conclude that M and 7 have the same sign provided
M > 0; for WHs with negative mass this conclusion no

@ Springer



633 Page 8 of 15

Eur. Phys. J. C (2022) 82:633

Table 1 Values of different parameters used and sz for each WH model and the black hole, respectively

WH model I WH model II ‘WH model III BH
Eccentricity (no units) 0.890 0.890 0.890 0.890
Inclination (°) 134.567 134.567 134.567 134.567
Ascending Node (°) 228.171 228.171 228.171 228.171
Semimajor Axis (as) 0.1264 0.1264 0.1264 0.1264
Wormbhole throat (M) 1.03 7.70 6.64 -
Mass parameter (4.07 x 10°Mg) - 1.028 1.03 1.03
Charge parameter (M]) - 2.06 - -
y parameter (no units) —0.24 - - -
Shadow radius (m) 4.36 8.88 7.99 5.19
x2 5.89 6.25 5.97 7.47
x? 2.94 3.12 2.98 3.73

longer holds and M and Fq evolve in opposite directions. By
integration we obtain

Mo _M (49)
ro(t)  ro’

where (M, rg) denote the initial values prior to accretion.

In the forthcoming part of this section we aim to evaluate
the mass function M(¢) taking as models the well-known
spherical accretion and thin accretion disk.

5.1 Spherical accretion

If the accreting matter forms a large gas cloud from the inter-
stellar medium and the central object (star, WH or BH) is
isolated, then spherical accretion is a reasonable approxima-
tion to the real situation. Spherical accretion in its general
case onto a central object the geometry of which is described
by the metric Eq. 1, has been treated in [39]. It was shown
that the mass accretion rate M is proportional to the value
hs of the specific enthalpy (enthalpy per particle of the
accreting fluid) at spatial infinity: M = —ahy where
denotes a constant (positive for ordinary matter and negative
for phantom matter). If the time scale of accretion ¢ is such
that t €« t = M/(Ja|h), then
t t?
M) = M[l — sgn(@) ~ + (9(;)], (50)

where M denotes the initial mass prior to accretion and
sgn(o) denotes the sign of «. By (49), the rate of change
of the throat radius follows the same law

ro(t) = ro[l — sgn(a) % + o(i—i)] (51)

where r( denotes the initial throat radius prior to accretion.

@ Springer

5.2 Thin accretion disk

The simplifying assumptions, governing the theory of thin
accretion disk and used for solving the equations describ-
ing the conservation and radiation laws, are well described
in [40,41]. Within these assumptions it is shown that the
mass accretion rate M (usually taken of the order of
10712 M, /yr [43-45] or 2.5 x 1075 M, /yr [46]) is constant
and proportional to the surface mass density £: M = —a &
where « is another constant. If the time scale of accretion 7 is
such that 1 € © = M/(Jae|X), then Egs. (50) and (51) still
apply to thin accretion disks.

In both cases treated here, spherical accretion and thin
accretion disk, the constant & depends on the metric of the
central object and on the properties of the accreting fluid [39,
41] as does the time parameters t.

The investigation of circular motion in the plane 6 = 7 /2
for the case of a general metric is easily performed using

F(r) [10"3 erg s em™)
120
80

40

10 T
8 10 12 14 16 18

20 g

Fig. 4 Energy flux F(r) versus é In these plots we took the mass of
the WH model 1II (13) M = 10° x Mo, rg = krg [2 < k < 6(15)

and (57)], M = 524, ¢ = 299792458 m/s, Mo, = 1.9888 x 10% kg,

and accretion mass rate = 2.5 x 1075 Mg, /yr. Red Plot: Schwarzschild
BH with mass Mg = 10% x M. Black Plot: WH model Il with k =
2.03. Blue Plot: WH model III with k£ = 3. Purple Plot: WH model III
with £ = 4. Green Plot: WH model III with k =5
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Lagrangian formulation [42]. Our results are as follows.
The specific energy, specific angular momentum and angular
velocity of the particle are given by

c’ —A’ A’
E=cA\|————. L=cCy| ————, Q==
AC' — CA’ AC' — CA’ C’

(52)

where the prime notation denotes derivative with respect to
r and c is the speed of light. To determine the radius of the
marginally stable circular orbit, rys, one has to solve the
equation

A// 2A/2 C// 2c/2
2 _ 72
2 (%) =r (e e ) oY

which upon using (52) reduces to

A// 2A/ C// Zc/
A Ao

(54)

This is not a differential equation, rather an algebraic equa-
tion once A(r) and C(r) are given. The solution of which
yields the radius of the marginally stable circular orbit [for
the Schwarzschild BH, the algebraic equation (54) yields the
well known value r,s = 6r,]. In the general case Eq. (54)

can be solved only numerically. In the case C = r> we solve
it by

3AA
™= A7 = AN, o

Now, we use the well known expression F (r) of the radiant
energy over the disk [41,46]

mass rate 0,2 r
47 /Tg] (E — QL)? Fns

F(r) = (E —QL)o,Ldr,

(56)

where g 1is the determinant of the metric. Taking
accretion mass rate = 2.5 x 1079 M, /yr, we obtained the
plots shown in Fig. 4 for a Schwarzschild BH (red plot) and
the WH model III (13) having the same mass Mg = M =
10% x M. For the WH III we have

Fms = 6. 57

This is the same value as for the the Schwarzschild BH
because the functions A(r) and C(r) have the same expres-
sions for the WH III and Schwarzschild BH. In the plots we
took M [the parameter in (16)] such that M = 4 M /(2k + 1)
and rg = krg [2 < k < 6 (15)]. Itis obvious from Fig. 4 that
the energy radiated by the disk accreting onto a WH III may

be higher than 10 times the energy radiated by the same disk
accreting onto a Schwarzschild BH of same mass as the WH
III.

In sketching the radiant energies for our Schwarzschild
and wormhole models we assumed that the ADM mass is the
physical mass of the central object. For the Schwarzschild
model the ADM mass is just the mass parameter in the expres-
sion of g;; or g, while for the wormhole model the corre-
sponding parameter in g;; is nothing but a mere parameter.
There are even some wormhole solutions for which g;; is
constant with no parameter dependence.

6 Shadow and infalling gas surrounding a WH

Starting from the HJ equation and using the two constants of
motion we can easily obtain the geodesic equation of light
[22]

dt
— = L (58)
dy. 20
2™ dr
mﬁ =+/R(r), (59)
do
r2ﬁ = +.,/0(0), (60)
d¢ L

= — 61
d)  r2sin?0 D)

where we have introduced

20(r)

R(r) = &2 — K< 06) = K —L2co?6,  (62)

I"2 ’

where K is the Carter constant. We introduce the following
new quantities

§ = E,

At this stage, one may use the rescaling A — A&, such that
we obtain the standard expression for the effective potential
Vetr (r) given by the following relation

n=—=. (63)

dr)? V() = 0 64
(ﬁ) + eff(r)— ) ( )

in which we have used

1 b
Vetr (r) = ~em <1 — ﬁ) R(r). (65)

r

Next, we can use the radial part for the geodesic equations
along with the last expression to investigate the shadow of

@ Springer



633 Page 10 of 15

Eur. Phys. J. C (2022) 82:633

the WH geometry by imposing the following conditions

dR(r) d*R(r)

R =0 —_—
) Todr ’ dr?

> 0. (66)
Using the radial part of the geodesic motion one can show
the following result [22]

r2

n= 2% Foh

with r = rph labels the radial distance of the light ring. In the
case of WHs one can have an additional contribution form
the WH throat, namely, as it was argued in Ref. [22], the
WH throat acts as the position of unstable circular orbits and
hence deciding the boundary of a shadow using

d*R(r)

R =0, ——
(rO) de ro

> 0, (67)

here ro represents the WH throat radius. It follows that

3
= Few (68)
From the observational point of view, or so to say in the
observer’s sky, we need to use the the celestial coordinates
given by [22]

d
X = lim (—r? sin200—¢ =— .E , (69)
r—00 dr sm90
along with
Y =1l 246 e " (70)
= lim (r"— )= —
r—00 dr 7 sin2 6,

with 8y being the inclination angle. Combining these results
and expressing the shadow radius via celestial coordinates
(X, 7Y) it follows

Ro=vVX2+r2=_10_ (71)

o0

If we first consider our WH model I, we find that the
shadow is determined by the outer photon ring, i.e., rph =
2rg. Therefore, the shadow radius results in

Ry = 2rpel. (72)

Now if the accretion takes place, as we have shown the
WH throat can change according to (51), which suggests that
the shadow radius should change and be time dependent as
follows

Ry(0) = 2ro[ 1 = sgn(e) %]e . (73)

ENI)
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In particular, this shows that if the accreting matter is phan-
tom matter then the sgn(«) < 0, as a result the shadow radius
will increase in time i.e.,

Ry(1) :2r0[1 +a£]e%. (74)

But if the accreting matter is ordinary matter, then
sgn(or) > 0, as a result the shadow radius will decrease
according to the formula

t 3
Ry(t) ~ 2r0[1 e ;]ez. (75)

It is a worth noting here that this result is different for the
BH case, where the BH shadow radius should increase with
accreting ordinary matter and decrease by adding phantom
matter. This result of course has to do with the fact that in
order to have an open WH throat we need phantom energy
at the WH throat as shown by theorems of general relativity.

For WH model II we obtain two solutions for the photon
sphere

20%rg
P . 76
ph Q2 + rg ( )
and

40%r
14 = —. 77
ph Q2 n rg ( )

We see that the location of the photon sphere depends on
the values of Q and r¢. In order to obtain physically accept-
able solutions for the photon sphere we should have rp, > rg.
From the motion of S2 star we have obtained the constraint
ro ~ 7.7and Q ~ 2.06. This means that the photons spheres
are located at rpp = 1.028 and rpp = 2.05, i.e. in the region
r < ro. Hence we are left with a contribution only due to the
WH throat, since the WH solution is valid only for » > rg.
The WH shadow reads

2 2
ryg +
Ro=0F9), (78)
rg—Q
yielding Ry, = 8.88. If the accretion matter is taken into

account we can write

(rg[l — sgn(a) %]2 + Q2>

_QZ

Ry(r) =

5 ro[l — sgn(a) L]
rg[l — sgn(a) %] T
(79)

For the WH model III, the photon sphere is located at rph =
3M, thus, the shadow radius is given by

o
Ry = ——, (80)
1 — 2M
ro
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where rg ~ 6.639 in units of WH mass which is set to unity.
Once the accretion takes place the shadow reads

ro[l — sgn(a) %]

1 — __omM
rglilfsgn(ot) %:I

In this section, we consider a more realistic model,
namely an optically thin, radiating accretion flow surround-
ing the object and then use a numerical technique (Back-
ward Raytracing) to find the shadow cast by the radiat-
ing flow. The calculation of the intensity map of the emit-
ting region requires some assumption about the radiating
processes and emission mechanisms. The observed specific
intensity I,ps at the observed photon frequency vgps at the
point (X, Y) of the observer’s image (usually measured in
ergs~'em~2str~'Hz~!) is given by

Ry(r) ~ (81)

Tobs (Vops, X, ¥) = / & o) dlprop- (82)

Y
Here we are considering a simplistic case of the accreting
gas. We assume that the gas is in radial free fall with a four-
velocity ul . The four-velocity for the photons k* has been
found in the previous section. To ease our further calcula-
tions, we find a relation between the radial and time compo-
nent of the four-velocity

where the sign +(—) is when the photon approaches
(towards) or away from the massive object. The redshift func-
tion g = vyps/ Ve is therefore given by

o
_ kqud

g= ; (84)
k BlUe

where ug = (1,0,0,0) is the four velocity of the distant

observer at infinity. For the specific emissivity we assume a

simple model in which the emission is monochromatic with

emitter’s-rest frame frequency v,, and the emission has a

1/r3 radial profile:

8(Ve — V)

J(ve) 0¢ ——7—, (85)

where § is the Dirac delta function. The proper length can be
written as

k;
glk”|

dlpop = kould. = ———dr. (86)

Integrating the intensity over all the observed frequencies,
we obtain the observed flux
gk

= d
r k"

Fobs(Xa Y) & _/ (87)
Y

The observed flux for different WH geometries and the

Schwarzschild BH is plotted in Fig. 5. We now note the qual-

itative differences in the shadows and images produced in

different models. It can be seen clearly that different geome-

tries have different shadow size and peak intensity. In the

k" 1 b2
— =4A B —— =, 83 . .
Kkt (r)\/ (r) ( A(r) r2> (83) case of Model-I Fig. 7 (Top row), although the shadow size
0.12F = WH Model-I 7
- WH Model-II
WH Model-III
0.10f Schwarzschild BH
5 0.08f 1
g
=
.=
< 0.061 1
2
g
£ 0.04f 1
0.021 ]
0 5 10 15 20 25 30

X [M]

Fig. 5 Plots of the corresponding intensities using the infalling gas as seen by a distant observer in different WH geometries and for comparison,
the Schwarzschild BH as well. The horizontal axis represents the radial distance of the distant observer from the black hole
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is somewhat similar to that of Schwarzschild BH, it can be
differentiated. However, this might not be possible in the
case of realistic scenario (which we shall discuss in the next
section) where we observe the source with radio telescope
and has a finite resolution. In the case of Model-II, the size
is largest among all the other models we have used and for
Model-III the size is in intermediate stage. The emissivity and
accretion model that we have used in this section to generate
the shadow images, provides us with a fine choice of sur-
rounding environment to reconstruct the images with radio
observations. We will use these images as model images in
the next section.

7 Application to the EHT synthetic observations

In the previous sections, we generated model shadow images
for different WH geometries. While these shadow images
have an infinite resolution, in reality these images are mit-
igated in quality due to interstellar scattering, atmospheric
aberration, telescopic limitations etc. To understand how we
might see these sources when the resolution in finite and
have an Earth-sized radio telescope to observe it, we pro-
duce synthetic datasets by keeping the images produced in
the previous section as source models and sample them over
a particular choice of EHT array configuration.

Till the April 2018 observing campaign, the EHT had 8
telescopes for observation [47]: the Atacama Large (sub)
Millimeter Array (ALMA), in Chile; the Atacama Pathfinder
Experiment Telescope (APEX), also in Chile; the James
Clark Maxwell Telescope (JCMT), near the summit of
Mauna Kea in Hawaii; the Large Millimeter Telescope
(LMT), in Mexico; the 30 m telescope on Pico Veleta in Spain
(PV); the Submillimeter Array (SMA), located near JCMT;
the Submillimeter Telescope (SMT), located on Mount Gra-
ham in Arizona; and the South Pole Telescope (SPT), operat-
ing at the National Science Foundation’s South Pole research
station. In April 2021, 3 more stations were added in the
observation campaign [48] (array details can be found in
Table 2).

The synthetic radio images have been generated using the
ehtim packaged [49]. The following parameters were used
in the simulations: Av = 4 GHz bandwidth, t = 24 h, cor-
responding to a full day, at a central frequency of 230 GHz.
We closely follow the routine which was used in [35] for Sgr
A*. As the total observing time is an important parameter
in the imaging process, this unusually long observation time
allows us to present the best-case scenario. This will allow
us to properly fill the (1, v) plane, which is demonstrated in
Fig. 6. Following this procedure, we perform the synthetic
observations of the Galactic center. The amplitudes of visi-
bility are calculated by Fourier transforming the images and
sampling them with the array’s projected baselines. To sim-

@ Springer

Table 2 Locations of existing sites (2021) in the event horizon tele-
scope array configuration

Site Lat. (°) Long. (°) SEFD. (Jy)
ALMA —22.89 —67.75 90
APEX —22.87 —67.76 3500
GLT 72.47 —38.45 10000
IRAM 44.44 591 1500
JCMT 19.7 —155.48 6000
KP 31.78 —111.61 10000
LMT 18.87 —97.31 600
NOEMA 44.44 591 700
SMA 19.7 —155.48 4900
SMT 32.53 —109.89 5000
SPT —90.0 45.0 5000
- ——essens
/""“:T\
7.5
5.01 /Q \
2.51 \
>
\ é/
5.0 K
73 e
SSSessscecssecceseeresttt®™

100 -75 -50 -25 00 25 50 75 100

u (G2

107 § ¢ WH Model-I
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o 0.8 e :
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= S
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g »
< 0.61 %
X 4
= Vo
£ 04w
kel o
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00] i % i MK
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Fig. 6 Upper panel: U-V coverage for the EHT-2021 array configura-
tion. Lower panel: Normalized visibility amplitudes for the observations
made for different WH geometries: Case I, Case II and Schwarzschild
BH respectively
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WH Model-I

WH Model-II

WH Model-1 WH Model-II

Fig. 7 Top row: Ray-traced images of shadows using the radially
infalling gas model seen by a distant observer for three WH geometries
and Schwarzschild BH respectively. Bottom row: Reconstructed images

ulate realistic observations, we include the effects of thermal
noise and phase errors in the simulations. This results in a
very detailed visibility amplitude plots, as shown in Fig. 6
(Lower panel).

The major outcome of this whole analysis are the recon-
structed images. These images are shown in the second row
of Fig. 7, meanwhile in the first row we show the corre-
sponding model images for different WH geometries and
the Schwarzschild case. The visual inspection of the recon-
structed images clearly shows some differences among the
three cases based on the shadow size. Case-1 has the small-
est size among the chosen models, hence is different in the
reconstruction as well, whereas Case-2 has the largest size
and has mirrored-crescent like structures. Case-3 is interme-
diate with a symmetric thin-ring like structure. It is also worth
noting that Case-1 to some extent mimics the Schwarzschild
case which can be inferred from the fact that in the raytraced
images the structure size is almost similar (although the ring
is a little thicker in the case of WH Model-1).

It is worth mentioning that in accretion processes the fluid
particles’ speed approaches the speed of light in the vicinity
of the attracting massive center (black hole or wormhole).
If the center is a wormhole, the accreting matter does not
accumulate in the vicinity of the throat, rather it crosses it to
the other sheet of the wormhole. Thus, the accreting matter
disappears behind the throat, as does the accreting matter
behind the horizon of a black hole, resulting in no changes
in the visual appearance.

WH Model-III Schwarzschild BH

WH Model-III Schwarzschild BH

of the model images in the first row using EHT-2021 array configuration.
Read text for more details

8 Conclusions

In this work we have performed a detailed analyses and stud-
ied the the possibility of having WHs as a BH mimickers in
the galactic center by investigating the dynamics of S2 star
and the shadow images. Firstly, we have constrained their
geometry using the motion of S2 star and then reconstructed
their shadow images. We have analyzed three WH models,
including WHs in Einstein theory, brane-world gravity, and
Einstein—Dirac—-Maxwell theory. It is argued that, in princi-
ple, we can distinguish BHs from WHs since the shadow
radius of such WHs depend on the specific model and can
be higher or smaller compared to the BH case. We have also
considered the accretion of infalling gas model and study
the accretion rate and the intensity of the electromagnetic
radiation as well as the shadow images. We have shown that
the energy radiated by the disk accreting onto a WH may
be higher than 10 times the energy radiated by the same disk
accreting onto a Schwarzschild BH of same mass as the WH.

For realistic observations, we had to include further effects
such as the those pertaining to thermal noise and phase errors
in the simulations. We have used the infalling gas model and
produced synthetic datasets and obtained interesting recon-
structed images. We found that, depending on the WH model,
the WH geometry can mimic the BH, however, in principle,
one can distinguish these objects by means of the size of
the shadow radius. Using each fitting model we have used
the reduced Chi-squared to test each model and found that
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WH geometry can mimic very well the BH geometry. On the
other hand, we have found that such geometries can be dis-
tinguished from the size of the shadow radius. In our setup,
we have used the best fit parameters for the WH geometry
obtained from the S2 orbit. For a sufficiently large amount
of matter we have shown that the WH throat can change
when the accretion of matter takes place, this, on the other
hand, suggested that the shadow radius may change with
time. Whether the shadow radius will increase or decrease
this depends on the accreting matter. For normal matter the
shadow radius of WHs decreases in time, and only increases
for phantom matter. This is very different for BH spacetime.
We have not considered the effect of matter on the other side
of the wormbhole. In that situation, one has to study the grav-
itational effect which propagates through the wormhole and
that in principle can effect the motion of objects in our side
such as the S2 star orbit (see, for example [50-52]). This
can imply a different constraints on the wormhole geome-
tries using the S2 star. In our work, we took into account
the contribution of the light emitted from infalling particles
onto the wormhole throat as seen from our side. But it is
an interesting problem to study the effect of matter as well
as the gravitational effect from the other side on the optical
appearance of the wormholes. This is outside the scope of the
present work. For the wormhole models IT and III, we found
from the constraints that r¢ is larger than the marginally sta-
ble orbit which has to be excluded in the integration domain.
This is one of the reasons why we used infalling gas model
in our galactic center to reconstruct the images and not the
accretion disk model. However, in general, the constraints on
the wormhole throat can depend on the type of the galactic
center and different galaxies may yield different values for
ro. For active galactic nuclei we do expect an accretion disk to
be present with the throat radius smaller than the marginally
stable orbit, while a possible constraint using combinations
of observations, showing the opposite, may rule out some of
the wormhole models. Our galactic center is inactive galac-
tic nucleus and we can not easily rule out models IT and III.
Another issue are the astrophysical uncertainties related to
the visual size of the shadow using the accretion disk. In gen-
eral there are many accretion models, but it is interesting that
the photon ring is a universal quantity. We also expect, these
uncertainties to depend on the peculiar accretion model. In
fact, we plan to explore in the near future in more details the
variation of the shadow radius due to the accretion of mat-
ter in the sense that it might be a useful tool in the future to
distinguish BHs from WHs using astrophysical observations.
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