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Abstract

In this study, we introduce a novel algorithm, the low error rate adaptive fading Kalman filter (LERAFKF), designed to
predict system states in the presence of uncertainty in both the system matrix and the model. The purpose of develop-
ing the LERAFKF is to address challenges arising from measurement difficulties, system parameter uncertainties, and
state—space model inaccuracies. Several studies have utilized the Kalman filter (KF) and extended Kalman filter (EKF)
algorithms to handle uncertainties in system parameters, corrupted measurements with unknown covariances, and
incorrectly defined system modeling. Our work distinguishes itself by proposing a new approach that achieves lower
error and deviation rates by combining the current Kalman estimation algorithm and the fading factor adaptive filter. To
achieve this goal, we transformed the KF into an adaptive KF by introducing a forgetting factor, and the algorithm was
subsequently reconfigured to calculate an optimized forgetting factor. In this study, we conducted simulations and mea-
surements using both linear and nonlinear systems. The linear system represents the motion of an object, and the simu-
lation involved measurements from the inertial navigation system (INS) sensor, specifically the Pololu IMUOIb three-axis
inertial measurement unit (IMU) sensor. We employed the SDI33 system with 9 degrees of freedom (DoF) mounted on
a three-axis rotary table for the nonlinear system. This system simulates a missile as a 4th-order nonlinear system. Our
findings demonstrate that the proposed LERAFKEF filter outperforms KF and EKF in estimating system states, particularly
in measurement-related error scenarios. Mean square error analysis further confirmed that LERAFKF exhibited the low-
est error values, showcasing superior performance over KF and EKF in linear and nonlinear systems.
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Introduction their ou‘[put.4 Particularly when GNSS is non-functional
or disabled, it becomes imperative to implement measures
to enhance the robustness of navigation algorithms and
compensate for sensor errors.” Consequently, problems
arise in prediction algorithms aiming to predict future

GNSS provides highly accurate positioning information
at frequency bands as low as 1 Hz. However, GNSS per-
formance can be compromised by the need for a clear line
of sight to satellites. Factors such as multipath propaga-
tion in dense urban environments, interference, signal
clutter, misalignment, or intentional denial of full service
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states accurately owing to the accumulation of errors
over time.®

The Kalman filter (KF) is robust when system para-
meters are precisely known. However, in scenarios
where the system characteristics are inadequately char-
acterized, the filter’s estimation performance is signifi-
cantly affected.””

In this context, the first study conducted by Kalman
in 1960'° marked the emergence of examples addressing
the estimation problem.

Mehra'! continued this work in 1971, focusing on
the linear model. Subsequent studies between 1972 and
1999 aimed at rectifying errors in the KF.

The introduction of the forgetting factor gained pro-
minence in 1988 through studies by Lee'? and later by
Xia and Shen in 1994.!3 Nevertheless, further advance-
ments in this field were necessary.

Studies on the system resulting from inertial naviga-
tion system (IMU) sensor measurements gained
momentum in 2001 with Bar-Shalom et al.'* and later
in 2004 with Titterton and Weston.*

Hide et al.'” studied velocity and acceleration estima-
tion using a low-cost INS with the KF.

El-Sheimy et al.'® conducted modeling and analysis
using the Allan variance method with inertial sensors.

Ding et al."” focused on enhancing estimation results
through an integrated GNSS/INS model.

Ngoc et al.'® conducted position improvement stud-
ies exclusively with GNSS, experimenting with process
noise and measurement noise on the model.

Faragher'® provided a straightforward derivation of
the KF handling two Gaussian functions simultane-
ously, simplifying the result to a compact form.

Bou et al.*° recommended the multiple fading fac-
tors KF algorithm to increase the error variance matrix
of the one-step prediction of the state estimation. Kai
Wei et al.?! compared the adaptive KF and traditional
extended Kalman filter (EKF) in selecting the update
measurement noise matrix R and/or the process noise
matrix Q. The selection was based on the maximum
likelihood criterion and Kalman gain factors.

Takaki and Nobuaki*® argued that implementing an
adaptive EKF enhanced the accuracy of global naviga-
tion satellite system position, velocity, and time and
their integrity information through single-point posi-
tioning in dense urban environments, all achieved with-
out sensor aiding or coupling.

The most critical issues in these studies include mini-
mizing prediction deviation with low error when relying
solely on INS during GPS disconnection and testing
this scenario using data from a widely employed IMU
sensor. Limited research on this topic may be attrib-
uted to commercial considerations, or relevant findings
might not have been publicly disclosed. This study
introduces a low error rate adaptive fading Kalman fil-
ter (LERAFKF) algorithm for predicting state—space
system states. The algorithm employs an adaptive form
of the scalar forgetting factor. This paper is structured
as follows. Section “Kalman filter and extended

Kalman filter estimation algorithm” provides a sum-
mary of the fundamentals of KF and EKF. Our pro-
posed method is detailed in section “Adaptation of
Kalman filter with low error rate fading factor.”
Section “Simulation results” presents simulation results
with implementation specifics. Section “Conclusion”
concludes the paper by highlighting the advantages of
the proposed algorithm over LERAFKF and suggest-
ing potential avenues for further research to address
encountered problems.

Kalman filter and extended Kalman filter
estimation algorithm

The KF algorithm primarily consists of two models: a
process model outlining the evolution of system states
over time and a measurement model detailing the acqui-
sition of measurements from the process, particularly
when dealing with noisy or erroneous measurements.
The system is subsequently characterized by state and
output equations, denoted by equations (1) and (2),
respectively.>* 2¢

Xp = oy xpm1 + Gy Wi (1)

Vi = Hixer + v (2)

Here, x; € R”" is the state vector, and y; € R™ is
the measurement (system output) vector. ®y, G, Hy
are state transition matrices with nxn, nxp, and mxn
dimensions, respectively. w; is a p-dimensional
Gaussian white noise sequence, and v, is an m-
dimensional Gaussian white noise sequence.

The state estimation starts with the initial value xg
and initial error covariance Py. The description of the
error covariance, the Kalman gain, and the recursive
state estimates are summarized in equations (3)—(5), as
provided below.

Prj—1 = Oy P @+ G Qi G, (3)

Kijir = P HU(H P HE + R (4)

A A A
Xi = Xpjp—1 T Ky (yk — H xlc/kfl) (5)

Here, P is the covariance matrix, K is the Kalman

gain, and )Ack represents the state estimate. Qx and Ry
are the process noise and measurement noise covar-
iances, respectively.

In this process, the state variables undergo correc-
tion at each step through the multiplication of the
Kalman gain by the difference between the measured
output value of the system and the output value
computed using the preceding state variable in the
system model. The Kalman gain, acting as an input to
the model, dynamically adapts to improve subsequent
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predictions.>* The KF demonstrates exceptional predic-
tive performance when the noise affecting the system
parameters is statistically well-modeled.'""'* Prediction
errors within the KF are categorized into two scenarios:
the first involves defects in the model, while the latter
encompasses measurement flaws. Traditionally, precise,
calibrated instruments are employed to establish the
covariance matrix for modeling noise. However, owing
to noise’s time, space, and sensor-dependent nature,
determining when and how changes occur can be chal-
lenging.* For an accurate estimate, determining the
values of the Q and R matrices becomes critical. Higher
values for the R matrix are chosen if issues are expected
in the measurements. In contrast, relatively higher
values for the Q matrix are chosen if problems in the
system modeling are anticipated.?’

Numerous scenarios involve nonlinear system beha-
vior, rendering the conventional KF ineffective for
accurate estimation. The EKF is a nonlinear filter var-
iant of the KF designed to estimate the states of non-
linear systems. Equation (6) represents the nonlinear
model of the physical system.”®

X = f(Xk-1, uk—1) + Wi (6)

The nonlinear form of the measurement model is repre-
sented by equation (7) for the discrete form.

Ve = h(xp) + v (7)

The prediction step of EKF covariance is determined
by equation (8). The posterior state and Kalman gain
are calculated using the methodology outlined in equa-
tions (4) and (5).

Pij— = Oy P ) + O (8)

When the system states and measurement equation
exhibit nonlinearity, the probability distribution of the
states becomes non-Gaussian. Consequently, this non-
Gaussian distribution has covariance matrices that can-
not describe the states. To address this, the EKF uses
the current estimated states as a reference point, around
which the state transition and measurement models are
linearized using their respective Jacobians.?’

Adaptation of Kalman filter with low error
rate fading factor

The KF works successfully if it accurately includes the
system dynamics to be estimated. However, incorrect
prior values and unknowns in the system and observa-
tion matrices can lead to inaccurate predictions or even
divergence during the filter’s operation. Adaptive fil-
ters, essential in such scenarios, aim to mitigate errors
and divergence issues.”> To solve this problem in linear
systems, some algorithms have been used to make the
KF adaptive.'” 2! Adaptive KF studies generally fall

into three categories: correct determination of the cov-
ariance matrix, robust measures against measurement
errors, and strategies to handle unknown parameters in
the state matrix. Various approaches have been
explored, with one notable method being the adaptive
KF with a fading factor. In this filter, the fading factor
emphasizes recent measurements and reduces the
importance of older ones. However, these algorithms
still have problems in real-time applications.**

The KF’s successful operation requires a correct
understanding of noise process covariances and the
matrices of the system model. Unfortunately, in real-
world scenarios, knowing the exact characteristics and
parameters of the system is impossible. Consequently,
filter performance may be inadequate, and divergence
can occur in estimation.’! To solve this problem, we
need to modify our KF by incorporating our IMU sys-
tem into the current state—space model and giving more
weight to the most recent measurements because they
are more useful for prediction.?” In this context, the
suggested LERAFKF integrates an updated covariance
matrix featuring a forgetting factor. The error’s covar-
iance matrix is weighted according to equation (9).

Prj— = MOk Pl + G0k Gy (9)

Here, the weighting factor is the forgetting factor Ay
> 1. We see that A, = 1 gives us the standard KF cov-
ariance matrix. An algorithm has been introduced to
calculate the forgetting factor.”®?° Below, we summar-
ise the algorithm as equations (10)—(15).

Algorithm: The forgetting factor is described by equa-
tion (10) if Q, Ry, Py is positive and definite, and the
matrix Hk is full-rank.?*

1
Ak = max{l, Etrace[NkM’Ik] } (10)

Mj. and Nj are obtained by equations (11) and (12),
respectively.

My = Hilly_1Pr_10,_, + H, (11)

Ni = Cox — H G105 1G,_H, — Ri (12)

The difference between the actual measurement
results and the calculation with the state variables inter-
polated in the output vector is defined as the residual.
When our model output and state estimates are exact,
the residual is zero, and the optimal filter gain is
achieved. To optimize the LERAFKEF filter, it is essen-
tial to define the residual vector. Here, the residual vec-
tor, expressed by equation (13), exhibits characteristics
of white noise.”” The residual vector is defined by
equation (13).
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(13)

Zk = Yk — HiXppe

The covariance of the residuals vector is subtracted
using equation (14).

Cox = Elzxz i) = HkP/c//cle,k + Ry (14)

The autocovariance of the residual is:

Cik = E[z(k + j)z" (k)]
:H(k+j)q)(k+j,k+j—l)
X[[— K(k +j— DH(k +j—1)] ... 0%k + 2.k + 1)
X[ — K(k + )H(k + 1)]®(k + 1,k)

X[PrjirH i = K)ot
(15)

By substituting equations (4) and (1) into equation
(15), Cj(k) is found to be zero. This confirms that the
sequence of residuals is uncorrelated when the optimal
gain is used.

In real-world applications, the presence of noise and
imperfect parameters in our system model may cause
the residual vector covariance to deviate from the speci-
fied covariance equation. Nevertheless, equation (15) is
satisfied'> when the filter gain is optimally set.

Pije—1H k — KiCo = 0 (16)

Equation (16) is satisfied when the filter gain value is
optimal. This structural characteristic forms the foun-
dation of the proposed LERAFKF filter. The data
observed during the adaptation process with the fading
factor is important to us, and the fading factor will be
weighted based on these values. The unknown “Cy ;"
in equations (17)—(20) is sequentially calculated from

the observed data, as follows.!”-?’
Co,k = D1,/ D2k (17)
Dy =Dy /A1 + zkZk (18)
Dy =Dsyj1/Ak—1 + 1 (19)
Dio=0,D0=0 (20)
Proof:
CO,k = E[Zkzlk] (21)
k-1 . .
Cox = >l o ki(_ll)zT(z) + z(k)zT(k) (22)
Zi: 106k + 1
where

k—1 1

ik = NVZN 23
o jl:[l)\(]) (23)

k-1
D= S oukz)T) + AWTH) (24)

=1

k—1

Dz’k: ZO‘,"]{"F 1 (25)

i=1

Dy j and D, j can be computed recursively from equa-
tions (24) to (25). This completes the proof.'?

Simulation results

In the simulation studies, we investigated two systems,
linear and nonlinear. Measurements for both systems
were obtained using IMUs. For the linear system, mea-
surements were taken from a test setup simulating a
moving object. In contrast, measurements were
acquired from a system modeling a missile in the non-
linear system, as shown in Figures 1 and 2, respectively.

First, we studied a linear second-order system model
similar to the one used in the study by Bar-Shalom
et al.,' representing the dynamics of a moving object.
We incorporated the Pololu IMUO1b model IMU into
the setup for this model. Key features of the IMU
include a 10-bit digital output, an accelerometer
adjustable in the 2-16¢g range, and a gyro output of
245-2000°/s. Equations (26) and (27) describe the
moving object’s dynamics.

1 1 0.5
Xk+1= [0 I}X/Hr [ 1 :|Wk

O]Xk + v

(26)

Yk = [1 (27)

Here, the input and output disturbances are defined
as a Gaussian distribution with wz~N(0,1) and
ve~N(0,1), respectively, for noise processes and

Xo = {100} for the initial state.

We also analyzed the system described by equations
(28) and (29) by slightly distorting one parameter of
the system discussed in the previous paragraph. We
aimed to assess and compare the performance of the
KF against our proposed LERAFKF system when
applied to this intentionally distorted system.

1 1 0.5
Xk+1 = [0 lll}xk-k [ 1 }wk

O]Xk + v

(28)

ye =1 (29)

Here, the input and output disturbances are defined
as in the previous paragraph.
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Figure 2. Measurement test setup for SDI33.

Similarly, we tested our work with a linear and
second-order system. Recognizing the importance of
evaluating the effectiveness of the proposed LERAFKF
filter in nonlinear and higher-order systems, we con-
ducted tests on a three-axis rotary table in the missile
measurement laboratory of the Scientific and
Technological Research Council. The nonlinear system
model simulating the missile is defined by fourth-order
equations (equations (10) and (11)). Angular velocity
values from a 9DOF SDI33 model INS, which is part
of this setup placed on a three-axis rotary table, were
utilized for the measurements. Key features of the INS
include an accelerometer with an acceleration measure-
ment range of up to £20 g, 25-ug bias error, and a scale
factor of less than 100 PPM; for the gyroscope, the gyro
range extends up to *£550°/s, with a 0.0035°/HR bias
error and less than 100 PPM scale factor.

[Magnitude [{ Heading

[ IMU }—F

LEARFKF

1 Roll/Pitch |

Figure 3. The overall test set set up configuration in block
diagram form.

The dynamic equations of the nonlinear system
simulating the missile is described by the equation (30).
Here, pitch angle is represented by ¢y and yaw angle is
represented by 6.

X1:XQ

Xy = gcosx| + gsinx| — sin2x; — x; (30)

X3 = X4

X4 = COSX1 — X4

where; x; = 0, x = 0, x3 = b, x4 = .

The nonlinear system is discretized by using “Model
Discretizer” function in the Control System Toolbox
available in MATLAB. First-order hold method was
used for linear interpolation of inputs.

We obtained many measurements from both linear
and nonlinear systems using IMUs during this study, as
detailed in the previous paragraphs. The test setup con-
figuration for the measurements is shown in Figure 3.

Extensive simulation studies were conducted using
the algorithms developed in the MATLAB environ-
ment. We will summarize our simulation studies and
the obtained results under three primary categories.
The first study evaluated the performance of the KF
when employing a linear model. The second study esti-
mated the performance of the KF and the proposed
LERAFKF when an incorrect parameter was chosen
in the linear model. The third study compared the per-
formance of the EKF and LERAFKF estimation algo-
rithms in a nonlinear system simulating a missile.

Initially, we designed the KF using a linear model to
assess the accuracy of our MATLAB algorithm. The
speed values obtained from processing IMU data and
the speed estimated by the KF are shown in Figure 4.
This figurere shows that while measured and estimated
velocity values are similar, occasional deviations exist
without divergence.

We considered the difference between predicted and
measured velocity values as an error to evaluate further
the consistency between the calculated velocity values
derived from acceleration and the estimated velocity
values. The covariance of this error shown in Figure 5
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Figure 5. X-axis error covariance.

is approximately one, indicating a close match between
measured and predicted velocity values.

After validating our KF algorithm, we utilized a
linear system model with imperfect parameters. Using
this imperfect model, we examined the estimation per-
formance of the KF and our proposed LERAFKF
algorithm. Figure 6 shows the KF estimates of X-axis
velocities compared with measurement results. As
depicted in Figure 6, the estimation performance of the
KF deteriorates over time, leading to convergence
issues. A similar analysis for Y-axis velocity yielded
comparable results, as illustrated in Figure 7.

The covariance value of the error is presented in
Figure 8. This covariance represents the difference
between estimated and measured values.

Additionally, we assessed the prediction perfor-
mance of the KF and our proposed LERAFKF when
an incorrect state—space is utilized. The simulation
results are depicted in Figure 9. It is clear that over
time, the KF estimate diverges from the measured

Velocity (m/s)

0 20 40 60 80 100 120 140 160
Time(s)

Figure 6. X-axis velocity (incorrect state-space model).
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Figure 7. Y-axis velocity (incorrect state-space model).

values, whereas the LERAFKF estimates closely track
the measurements. The results of regression analysis for
LERAFKF and the KF’s incorrectly constructed state—
space model, as defined by equations (28) and (29), are
presented in Table 1. In the estimation results for differ-
ent values, LERAFKF exhibits a lower mean squared
error (MSE) than KF. Specifically, while the MSE for
LERAFKEF is approximately 0.056, the KF MSE is
close to 1.698.

Lastly, we discussed the nonlinear model. Because
KF is inefficient in handling this nonlinear model, we
opted for the EKF. We also evaluated the performance
of the LERAFKEF filter in the context of the nonlinear
model. The estimations of KF, EKF, and LERAFKR
are plotted on the same graph given in Figure 10. From
this figure, it is evident that both EKF and LERAFKF
yield similar results. However, the LERAFKF demon-
strates superior performance, which can be attributed
to the contribution of the forgetting factor.
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Figure 8. X-axis error covariance (incorrect state-space
model).
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Table I. Velocity estimation of KF&LERAFKF.

Estimation Velocity estimation
method methods

Kalman filter LERAFKF
Regression analysis results 1.698 0.056

with average square error

We also carried out a regression analysis for the
nonlinear case. The analysis results are provided in
Table 2. Here, we also see that the prediction perfor-
mance of LERAFKEF is better than EKF since MSE
value for LERAFKF, 0.247, is smaller than the MSE
value, 0.361, for KF.

A mathematical assessment through regression anal-
ysis using the average square error method, considering

&
®
()
o
)
o -
2 e
><\3 Measurement v
Estimation (KF)
-200 Estimation (Extended KF)
Estimation (LERAFKF)
-250

-300

Time(s)

Figure 10. Yaw angle.

Table 2. Yaw angle estimation of EKF&LERAFKF.

Estimation method Velocity estimation

methods
EKF LERAFKF
Regression analysis results 0.361 0.247

with mean square error

the values in Tables 1 and 2, confirmed the superior
prediction performance of LERAFKF.

We tried to compare the performance of LERAFKF
with some similar studies in the literature. The compari-
sons show that LERAFKF provides better prediction
performance compared to these studies. In a study on
speed estimation, Cenker et al.®' conducted a study on
speed estimation. The study compared the prediction
results of the Extended Kalman Filter (EKF) with their
proposed “matrix adaptive damping extended Kalman
filter (MAFEKF).” Another study run by Fakharian
and Thomas®? compared a conventional Kalman filter
with an Adaptive Kalman Filter (AKF). The results of
the estimations in terms of MSE values are provided in
Table 3. Here, KF stands for conventional Kalman
Filter, Adaptive Kalman Filter is used for the proposed
adaptive filters (MAFEKF,AKF, LERAFKF). When
we compare LERAFKF performance in terms of MSE
values, we see that LERAFKF performs better than
these two proposed algorithms.

Aida et al.** conducted a study on Yaw angle esti-
mation. Therefore, we found it useful to compare the
results with the nonlinear system Yaw angle estimation
in this manuscript. Aida etal. compared their propsed
adaptive Kalman Filter with the Quaternion Kalman
Filter. The results are providen in Table 4. The best
result Aida et al. achieved for the MSE value in the pre-
diction study for the Yaw angle was 1.7616 for the
Quaternion Kalman filter, while it was 0.8562 for their
proposed adative Kalman filter. Therefore, we can
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Table 3. Performance comparison of velocity estimation.

Estimation method
(regression analysis with MSE)

Velocity/position
estimation methods

KF AFKF
Cenker et al.*' 0.30 0.10
Fakharian and Thomas*? 3.54 0.12
In our study (LERAFKF) 1.698 0.056

Table 4. Performance comparison of yaw angle estimation.

Estimation method
(regression analysis with MSE)

Angle estimation methods

EKF Adaptive
Kalman filters
Aida et al.*? 1.7616 0.8562
In our study (LERAFKF) 0.361 0.247

state that LERAFKF performance is better in terms of
MSE values as compared to the adaptive filter pro-
posed by Aida et al.

Conclusion

INS take precedence in positioning systems owing to
their independent operation. These systems utilize
accelerometer and gyroscope sensors to measure position,
orientation, and velocity. Traditionally, the KF algo-
rithms have been employed for velocity estimation in lin-
ear systems, while EKF is utilized for nonlinear systems,
where KF performance tends to be suboptimal.

In integrated GNSS-INS navigation applications,
when GNSS is disabled, inaccuracies in the state—space
model setup can lead to deviations in KF predictions
owing to cumulative errors and measurement-related
issues in the INS.

To address this issue, this study introduces a novel
approach that combines the Kalman estimation algo-
rithm with an adaptive filter featuring a fading factor.
The KF is transformed into a fading factor-based adap-
tive Kalman filter, and the algorithm is optimized for
calculating the fading factor.

In our test environment studies for linear systems,
acceleration measurements were obtained using IMUs
in an environment simulating a moving object. These
measurements were then used for velocity estimations
employing the KF and the proposed LERAFKF algo-
rithms developed in the MATLAB environment.
Additionally, a nonlinear system simulating missile
motion, with a 9-degree-of-freedom XYZ system, was
employed to validate LERAFKF performance. The
IMU, integrated with this system, recorded acceleration
and rotation measurements, which were fed into the
algorithms designed in MATLAB to evaluate the
estimation algorithms of both EKF and LERAFKF
filters.

Detailed studies were conducted using the algorithms
developed in the MATLAB environment, incorporating
measurements from established test environments for
both linear and nonlinear systems. The KF and EKF
prediction performances were compared with that of
LERAFKF. Results indicate that the proposed
LERAFKEF algorithm outperforms KF and EKF for
linear and nonlinear systems. Notably, LERAFKF
exhibits superior performance over time, whereas its
prediction matches other algorithms in the initial
stages.

Regression analyses confirmed the validity of the
proposed algorithm. Specifically, in the context of
long-term navigation applications, LERAFKF pro-
vides robust state estimates for an incorrectly con-
structed state—space model. However, our method does
not exhibit an advantage over the KF when applied to
short-term navigation applications. It is not preferred
in this scenario because it imposes a heavier calculation
processing load. When exploring new research avenues,
one could focus on the estimation results obtained
through imprecise measurement of the physical para-
meters of the system’s mathematical model. Utilizing
system identification techniques to eliminate errors and
mismatches and subsequently incorporating these out-
comes into the estimation algorithm presents a promis-
ing research topic. Another area of consideration
involves examining extreme conditions instead of rely-
ing solely on measurements taken at room temperature.
Analyzing the sensors’ response to temperature changes
and investigating the impact of inaccurate measure-
ments on estimation results could provide valuable
insights. Furthermore, more detailed studies on the
interaction of LERAFKF with more complex model
structures can be performed.
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