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There are many ways to approximate cosine curve. In this study we have exam-
ined the way how the cosine curve can be written as any order Bezier curve. As a
result using the Maclaurin series we have examined cosine curve as the 4" and
the 6 order Bezier curve based on the control points with matrix form in E2. We
give the control points of the 4™ and the 6™ order Bezier curve based on the coef-
ficients. Also we give the coefficients based on the the control points of the 4™ and
the 6 order Bezier curve too.

Key words: cosine curve, 4" order Bezier curve, 6™ order Bezier curve,
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Introduction and preliminaries

A Bezier curve is frequently used in computer graphics and related fields, in vector
graphics, used in animation as a tool to control motion [1, 2]. In animation applications such
as Adobe Flash and Synfig, Bezier curves are used to outline for example movement. Users
outline the wanted path in Bezier curves, and the application creates the needed frames for the
object to move along the path. For 3-D animation Bezier curves are often used to define 3-D
paths as well as 2-D curves for keyframe interpolation. In [3] A dual unit spherical Bézier-like
curve corresponds to a ruled surface by using Study’s transference principle and closed ruled
surfaces are determined via control points and also, integral invariants of these surfaces are
investigated. Researchers have written many publications on Bezier curves, but some of these
studies inspired this article. For example: In [4], Bezier curves with curvature and torsion con-
tinuity has been examined. In [5, 6], Bezier curves and surfaces has been given. In [7], Bezier
curves are designed for Computer-Aided Geometric. Recently equivalence conditions of con-
trol points and application to planar Bezier curves have been examined. In [8], Frenet appa-
ratus of the cubic Bezier curves has been examined in E3. In [9], A cubic trigonometric Bezi-
er-like curve similar to the cubic B'ezier curve, with a shape parameter, is presented. In here,
first 5" order Bezier curve and its first, second and third derivatives have been examined
based on the control points of 5t order Bezier curve in E®. We have already examine in cubic
Bezier curves and involutes in [8, 10]. The Bertrand and the Mannheim mate of a cubic Bezi-
er curve by using matrix representation have been researhed in E* [11, 12], respectively. In
[13], it has been examined the 5™ order Bezier curve and its derivatives. In [14], it has been
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researched the answer of the question How to find a n™ order Bezier curve if we know the
first, second and third derivatives?

Generally n order Bezier curves can be defined by n+1 control points
Py, R.,..., B, with the parametrization:

B() =i(?jti(1—t)”“m]
i=0

We have already known that the matrix representation of any 4" order Bezier curve
a(t) = (tat* +ast® +a,t? +at, +a,) in E® is:
a®=t" € ¢ t UBIR R P Py RT

where the coefficient matrix and the inverse matrix of 4" order Bezier curves matrix are:

000 01
(1 4 6 -4 1] 000 %1
4 12 -12 4 0 4
[B1=| 6 -12 6 0 Oland[B*T*=|0 O % % 1
4 4 0 0 O
o 11 3
1 0 0 0 0 22 1
11 1 1 1
with the control points:
00 0 0 1

T
0
R R P P R]-=
0 a, a5 a, a @

For more detail see [8, 15].

It is well known that Taylor series of a function is an infinite sum of the functions
derivatives at a single point a, also a Maclaurin series is a taylor series where a =0. For any
function Taylor series expansion is:

0 _ n
f=3 10 (@) =20
e n!
also a Maclaurin series is a taylor series where a = 0.
2 (n) Xn
f(x)=> f(0)—
(x) g ( )n!

In this study we will focus on the 4% and 6t order Bezier curves in EZ.

Cosine curve as a 4" order Bezier curve

First let us examine the cosine curve of the function f(x)=cosx as a 4™ order Bezi-
er curve.
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Theorem 1. The matrix representation of cosine curve f(x)=cosx as a 4" order
Bezier curve is:

T
S-S
t,cost) =[t* t* t* t 1]B*
(t.cost) = 1B°] 1 3 13
11 = =2 =
12 4 24
with the control points:
T
R
PR B P R PRI =
[0 1 2 3 4] 11 3 13
11 = = =
12 4 24

Proof. For cosine function, the 4" degree Maclaurin series expansion is
cosx =1—x?/21+ x*/41, it can be written as in the parametric form and a 5 degree polyno-
mial function:

4 2
(t,cost) = (t% —% +1J = (t,a,t* + a5t + a,t’ + at + a,)

Also this can be written in matrix form with the matrix representation of 4™ order
Bezier curve as in:

47 |0 o ral B
t3 0 0 t3 Pl
(t,cost)=| 42 o L= B4 R,
21| |4 P
1 10 1 Py

o 1|

Solving the equation we get the control points Ry, R, P, P, and Pa.
Corollary 1. The apscissas and the ordinates of the control points of cosine curve as
a 4" order Bezier curve are:

XO=0X1= X2=

N
NN N

3

and

[ ]T—[B“]’li 0o Lo 1T
Yo Y1 Y2 Y3 Yal = a1 ol

Now, let’s examine the cosine curve as a 41 order Bezier curve. First we will exam-
ine the cosine curve f(x) =acosbx.
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Theorem 2. The matrix representation of the cosine curve of the function
f (x) =acosbx as a 4™ order Bezier curve is:

.
"%+ & !
t,acosbt) =[t* > t> t 1][B*]
( ab? ab’® ab* ab?
a a a—— a—— —-——o
12 4 24 2
where control points By, P, P,,P;, and P, are:
.
°F i 3
[, R P P RI=
L ab? ab’> ab* ab®
a a a-~— a-— —-—+a
12 4 24 2

Proof. We need to write f(x)=acosbx in Maclaurin series expansion. For cosine
function f(x)=acoshx, as any 4" degree Maclaurin series expansion is:

f(x) = i(acosbx)(”) (0)’:]—“I
n=0 -

2 4
ﬂxz N ab”cos(0) 4
21 41
This 4™ degree polynomial function can be written as in parametric form
4 2
(t,acosht) = Lt,a%t“ - azllt2 + aJ = (t,a,t* + agt® + a,t® + at + a)

Also this can be written in matrix form with the matrix representation of 4™ order
Bezier curve as in:

=a-—

47| 0 % ral B
t3 0 0 t3 Pl
(t,acosbt) =| {2 0 ap? [=|¢? [B*]| P,
t 2! t P,
1 1 0 1 P ]

_O a .

Hence solving the equation as in the following way:

o 0 o0 1 07

[ R P R P4]T=[B4]7l ab* 0 —ab?

— 0 a
41 2!

So, we get the proof.
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Now also, we will examine sine function f(x)=acos(bx—c) as a 4" order Bezier
curve.

Theorem 3. The matrix representation of the cosine curve of f(x)=acos(bx—c) as
a 4" order Bezier curve is:

0 acosc
T 1 ab .
£ = acosc + —sinc
4 4
v 1 _a_b2 COSC + a—bsinc + acosc
[t,acos(bt —c)] =2 | [B*]| 2 12
t 3 ab® . ab? 3ab .
- ———sinc — ——C0SsC + ——sinc + acosc
1 4 24 4 4
S ab%cosc ab® .  ab? .
1 — ——sinc — ——cosc + absinc + acosc
L 24 6 2 J
where the control points B, R, P,,R;, and P4 are
0 acosc
1 ab .
S - acosc +—sinc
P 4 4
P 1 2 ab .
- ———C0SC + —Sinc + acosc
P,=]2 12 2
P 3 ab® . ab® 3ab .
- ———5inc — ——C0SC + ——SIiNc + acosc
P |4 24 4 4
ab*cosc ab® . 2 .
1 — ——sinc — ——cosc + absinc + acosc
L 24 6 2 ]

Proof. Lets examine the cosine curve as a 4" order Bezier curve. First we need to
write f(x) =acos(bx—c) in Maclaurin series expansion. For cosine function 4" degree Mac-
laurin series expansion is:

4 o
f(x)= nZ:;‘)[acos(bx —¢)]™ (0) =
=[acos(b.0 — c)JL+ [acos(bx — c)] (0)x + [acos(bx — ¢)] (O)X?z| +

X3

+acos(bx —c)]” (0)a +[acos(bx — c)]?" (O)Z—T

This 4™ degree polynomial function can be written as in parametric form

ab%cosc , ab%inc ; ab’cosc .

[t,acos(bt—c)] =|t, g4 A0SINCs t + (absinc)t + acosc
41 3! 2!

= (t,a,t* +agt® + a,t* + at + a,)

Also this can be written in matrix form with the matrix representation of 4™ order
Bezier curve as in:
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ab*cosc
M4l 0 4! 2l o
) ab’sinc t i
|0 - t3 R
[t,acos(bt — )] = | 42 ) =2 | [B*1| P,
—ab“cosc
t 0 ———— t F)3
2! P
L1] {1 absinc | L1 RES
|10 acosc

Solving the equation we get the control points P,,P,,P,,P;, and P4 as in the result of
the matrix product:

.
0 0 0 1 0
[ B P P PRI =[BT ap’cosc  ab3sinc —abZcosc .
2 - 3 T absinc acosc

This completes the proof.
Corollary 1. The coefficients of the [t,acos(bt —c)] based on the control points of
the 4™ order Bezier curve as:

Cosine curve as a 6" order Bezier curve

We have to write the coefficients matrix of any 6™ order Bezier curve. We have al-

0 ab”cosc
at [Xg — 4% + 6%, — 4% + X, Yo —4Y, +6Y, —4ys+Y, |
0 M 12% — 4%y —12X%, + 4%y 12y, -4y, 12y, +4y,
F el ex-12x +6x, 6y, — 12y, + 6Y,
0 ——abZ(I:OSC 4 —4x, 4y, -4y,
1 absinc | - %o Yo .
|10 acosc |

ready known that the matrix representation is 6™ order Bezier curve as follows.

Theorem 4. The coefficients matrix and inverse matrix of any 6™ order Bezier curve

are.

1 -6 15 -20

-6 30 -60 60

15 -60 90 -60

[B®]=|-20 60 -60 20

15 -30 15 0

6 6 0 0

1 0 0 0

15 -6 1
30 6 0
15 0 0
0 0 0
0 0 0
0 0 0
0 0 0]
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and
00 0 0 0 01
00 0 0 O l 1
6
00 0 O i E 1
15 3
BT'=jo 0 o + 1 1y
20 5 2
00 11 22 1
15 5 5 3
o 1 1 1 25,
6 3 2 3 6
11 1 1 1 1 1]

Theorem 5. The matrix representation of cosine curve f(x)=cosx as a 6™ order
Bezier curve based on the coefficients is:

T
o 11 % 2 5
(t,cost)=[t® t> t* 2 t* t 1][B®] 6 3 3 6
p 1 29 9 289 49 389
30 10 360 72 720
Proof. For cosine function 6% degree Maclaurin series expansion is:
2 X4 X6
cosx=1-—+—-——
21 41 6l
It can be written as in parametric form:
(t,acosbt) = Lt,—étﬁ +%t4 —%tz +1J = (t,agt® +ast® +a,t* +a,t® +a,t’ +att +a,)

Also this can be written in matrix form with the matrix representation of 6™ order
Bezier curve as in:

16
~ 1|10 —=—| - -
a 61| [¢67 P
{5 0 0 {5 P
1 y
t4 0 _I t4 P2
(tacosbt)=| 3| | ‘é =3 | [B°] Py
t? 2| |t P
t] 19 S| |t i
1111 0 | 1] s ]
L l .
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Hence solving the equation we get the control points as in the following way:

0O 000 0 10
[ B P B P R PRI =[BT 48 4 2
o . B B K KB _1_ 0 1_ 0 _1_ 0 1
6! 41 2!
Corollary 2. The apscissas and ordinates of the control points of cosine curve as a 6™
order Bezier curve are:

0=0 M= =t K=o Xl K=, K=
T
ol 1° 14 12
Yo Y1 Y2 Y3 Y2 Y5 YG]T:[B6]1_a 0 41 0 21 01

Theorem 6. The matrix representation of the cosine curve of function f(x)=acosbx
as a 6™ order Bezier curve is:

0 a
1 1 .
el = a——ab
t° 6 30
5
t 1 a— L ab?
t4 3 10
(t,acosbt) =3 | [B°] 1 Lot —lan?ia
2 360 5
t2
2 Lt Lap?ia
t 3 72 3
1] S oy tant tan2ia
6 720 24
11 —Cos i
with the control points:
0 a
1
5 a
Ro 1 1 .,
P - a—-—ab
1 3 30
P
e a— L ap?
=2 10
Pl |2 Lot lapzia
Rl |3 360 5
IINE Lapt lap2ya
6 72
1~ tapt Llan?ia
L 720 24 2 i
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Proof. For cosine function f (x) = acosbx, can be written as 6! degree Maclaurin se-
ries expansion as:

6 n
_ M X _
f(x)= nZ:;)(acosbx) (0) ~

=a-—

2 4 5a; 6
ﬂxz N ab™cos(0) 4 —ab’sin(0) S 4 —ab”cos(0) N
! 41 5! 6!
ab®x? .\ ab*x*  ab®°
2! 41 6!
This 6™ degree polynomial function can be written as in parametric form:

6 4 2,2
(t,acosbt):[t,_ﬂtfi Lab” . ab%t +aJ

f(x)=a-

6! 41 2!
= (t,a5t® +at® + a,t* + agt® + a,t? + at + ap)

Also this can be written in matrix form with the matrix representation of 6™ order
Bezier curve as in:

ab®
_qlo == _
tG 6| t6 _P -
0
5 0 04 5 R
t4 0 a4il t4 Pg
(tacosbt)=|2| | 0 |=| ¢ [B°]| P,
t? a2 | |t P
0 —— 23
t 21 t
11] /1 0 | 1] P
_O a .
Hence solving the equation, we get the control points:
0 a
1 1 .,
P = a—-—ab
P° 6 30
1
P = a—Lap?
2 3 10
P =
SN Lot Laptia
P, 2 360 5
Rl |2 Lt Lapria
Rl |3 72 3
> _ i lant—lan?ia
L 6 720 24 J

This completes the proof.
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Theorem 7. The matrix representation of the sine curve of f(x)=acos(bx—c) as a
6" order Bezier curve is:

[t,acos(bt—c)]=[t° t© t* ¢ > t B°R B P, P, P, B RT

with the control points:

0 acosc
1 ab’cosc  absinc
P s - + +acosc
0 6 30
R 1 —ab%inc ab’cosc absinc
= - + +acosc
Rl |3 120 10
Bl=1 ab*cosc ab®sinc ab®cosc 2absinc
= - - + COSC
Pl |2 360 30 5
23 2 —ab°sinc  ab*cosc ab¥inc ab’cosc 5absinc
< + - - + +acosc
R |3 720 7 12 3
5 —ab®cosc ab’sinc ab*cosc ab’sinc ab’cosc .
e — + - - + absinc + acosc
| 6 720 120 24 6 i

Proof. Lets examine the cosine curve as a 6™ order Bezier curve. First we need to
write f(X)=acos(bx —c) in Maclaurin series expansion. For cosine function 6™ degree Mac-
laurin series expansion is:

6 n
(%) = 3 [acos(bx— )™ (0) % -
n=0 -
X2 X
= acosc + (absinc)x — ab?(cosc) 5 ab®(sinc) T

+ab*(cosc) X ab®(sinc) X ab® (cosc) x
41 51 6!

This 6™ degree polynomial function can be written as in parametric form:

Tai A6 5 . 4
[t,acos(bt — c)] :[ab 57"”(0),[7, ab g?s(c)ts _ab SSI:W(C) (s, ab 4closct4 ~

~ ab3sinct3 _ ab®cosc
3! 2!

t2 + (absinc)t + acosc]

Also this can be written in matrix form with the matrix representation of 6™ order
Bezier curve as in:
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—ab®cosc
0 6!
r.67" Wb r.67" o
t 0 ab |smc t P,
{5 45. 5 P
o ab ::Jsc 4 P,
[t,acos(bt —c)] = | 3 s = [B°]| P,
—ab®sinc
t2 0o —— t2 P
3!
—ab?cosc t %
0 ——= P,
L1 2! |1 -6
1 absinc
|10 acosc |

Hence solving the equation we get the proof.
Corollary 3. The coefficients of the [t,acos(bt —c)] based on the control points of
the 6™ order Bezier curve are:

6
0 —ab’cosc
6!
—ab’sinc | Ty _ _ _ - - - 1
0o />~ Xg — 6% +15X, —20%; +15%, —6X5 + Xg Yo —6Y; +15y, —20y; +15y, —6Ys + Y,
N 30x, — 6%, — 60X, + 60, —30, +6%; 30y, — 6y, — 60y, + 60y, — 30y, +6Ys
o abrcosc 15X, — 60% +90x, — 60X, +15X, 15y, —60y; + 90y, —60y; +15y,
|
‘;-_ - 60x, — 20%, — 60X, + 20x, 60y, — 20y, — 60y, + 20,
o —apsinc 15x, —30%, +15X, 15y, —30y; +15y,
3!
’ 6X, — 6%, 6y, —6Yo
—ab“cosc X
— | L 9 Yo _
1  absinc
|10 acosc |
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