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Başkent University, Ankara, Turkey

karakas@baskent.edu.tr

Received 3 July 2017
Accepted 13 November 2017
Published 22 December 2017

Communicated by J. Meakin

In this work, we give parametrizations in terms of the Kunz coordinates of numerical
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1. Introduction

Let N denote the set of positive integers and N0 = N∪ {0}, the set of non-negative

integers. A subset S ⊆ N0 satisfying

(i) 0 ∈ S (ii) S + S ⊆ S (iii) |N0\S| < ∞

is called a numerical semigroup (K +K = {x+ y : x, y ∈ K} and |K| denotes the
cardinality of K for any set K of integers). It is well known (see, for instance, [1, 4,

13]) that the condition (iii) above is equivalent to saying that the greatest common

divisor gcd(S) of elements of S is 1.

The smallest integer c = c(S) ∈ S with {c}+N0 ⊆ S is called the conductor of

S. Then c− 1 = f = f(S) is the largest integer that is not an element of S and it is

called the Frobenius number of S. Clearly, c(N0) = 0, f(N0) = −1 and c(S) > 1 if

and only if S �= N0.
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Those positive integers not belonging to S are called gaps of S. The number

of gaps of a numerical semigroup S is called the genus of S and it is denoted by

g = g(S). The largest gap of S is f(S) if S �= N0.

If A is a subset of N0, we will denote by 〈A〉 the submonoid of N0 generated

by A. The monoid 〈A〉 is a numerical semigroup if and only if gcd(A) = 1. If

A = {a1, . . . , an}, we write 〈A〉 = 〈a1, . . . , an〉.
Every numerical semigroup S admits a unique minimal system of generators

{a1, a2, . . . , ae} with a1 < a2 < · · · < ae; that is, {a1, a2, . . . , ae} generates S but

no proper subset of it generates S. It is known that the minimal system of generators

of S is S∗\(S∗+S∗), where K∗ = K\{0} for any set K of integers (see, for instance,

[13]). The cardinality of the minimal system of generators of a numerical semigroup

S is called the embedding dimension of S, denoted e = e(S). The smallest positive

element of S is called the multiplicity of S and it is denoted by m = m(S). It is well

known that e(S) ≤ m(S) (see, for instance, [1] or [13]). A numerical semigroup is

said to have maximal embedding dimension if e(S) = m(S). Such semigroups are

called, in short, MED semigroups (see [15]).

A numerical semigroup S is said to be symmetric if its Frobenius number f(S)

is odd and x ∈ Z\S implies f(S) − x ∈ S. S is said to be pseudo-symmetric if its

Frobenius number f(S) is even and x ∈ Z\S implies either f(S) − x ∈ S or x =
f(S)
2 . There are many equivalent definitions for symmetric and pseudo-symmetric

numerical semigroups in the literature. Lemma 2.4 below gives a characterization

of symmetric and pseudo-symmetric numerical semigroups (see, for instance, [4]

or [13]).

For any integers z and m with m > 1, let z ∈ {0, 1, . . . ,m − 1} such that

z ≡ z (mod m).

If S is a numerical semigroup with multiplicity m > 1 and conductor c, then

c− 1 �∈ S and therefore c �≡ 1 (mod m).

Thus, if c is the conductor of a numerical semigroup with multiplicity m > 1,

then c ≡ c (mod m), where c ∈ {0, 2, . . . ,m − 1}. Throughout this paper, we will

use the notation

c = mb+ c with b ∈ N and c ∈ {0, 2, . . . ,m− 1}.
Numerical semigroups with multiplicity 3 and 4 are studied by many authors. It

is shown in [12] that a numerical semigroup with multiplicity 3 is uniquely deter-

mined by its Frobenius number and genus; a numerical semigroup with multiplicity

4 is uniquely determined by its Frobenius number, genus and ratio (which is the

least element of the minimal system of generators greater than the multiplicity). In

[12], a formula is given for the number of numerical semigroups with multiplicity

3 and Frobenius number f(S). Formulas for the number of numerical semigroups

and MED semigroups with multiplicity 3 and 4 and given Frobenius number are

given in [2], too. In [7], formulas are given for the number of numerical semigroups

with certain multiplicity and genus. There are also GAP packages that can be

used to compute the number of numerical semigroups in classes mentioned above
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and the like (see for instance [6] or [3]). In what follows, we give parametrizations

of numerical semigroups (together with MED semigroups, symmetric and pseudo-

symmetric numerical semigroups) with multiplicity up to 5 and given conductor.

These parametrizations also lead to formulas for the number of numerical semi-

groups (also MED semigroups, symmetric and pseudo-symmetric numerical semi-

groups) with multiplicity up to 5 and given conductor. We prefer to work with the

conductor instead of the Frobenius number, perhaps because the conductor is an

element of the semigroup.

We shall denote the number of numerical semigroups with multiplicity m and

conductor c by N(m, c); the number of MED semigroups with multiplicity m and

conductor c by NMED(m, c). Similarly, the number of symmetric, and pseudo-

symmetric numerical semigroups with multiplicity m and conductor c will be

denoted by NSYM(m, c), and NPSYM(m, c), respectively.

2. Apéry Sets and Kunz Coordinates

Let S be a numerical semigroup, a ∈ S∗. We define the Apéry set of S with respect

to a, denoted Ap(S, a), to be the set

Ap(S, a) = {s ∈ S : s− a /∈ S}.
It is well known (see, for instance, [1, 13]) that

Ap(S, a) = {0 = w(0), w(1), . . . , w(a− 1)},
where w(i) = min{s ∈ S : s ≡ i (mod a)} for each i ∈ {1, . . . , a− 1}.

Observe that for every integer z, there exist a unique integer i ∈ {0, 1, . . . , a−1}
and a unique integer k such that z = w(i)+ka. Moreover, z ∈ S ⇔ k ≥ 0. It follows

from this observation that S is generated by {a} ∪ Ap(S, a)∗ for any a ∈ S∗. The
formulas below are known as Selmer’s formulas (see [13, Proposition 2.12]).

f = max(Ap(S, a))− a, g(S) =
1

a
(w(1) + · · ·+ w(a− 1))− a− 1

2
. (1)

The following properties characterize Ap(S, a): For any i, j ∈ {0, 1, . . . , a − 1}, we
have

w(i) ≡ w(j) (mod a) ⇔ i = j, (2)

w(i) + w(j) = w(i + j) + ta for some t ∈ N0. (3)

Since every numerical semigroup is generated by its multiplicity m together

with nonzero elements of its Apéry set with respect to m, all properties of a numer-

ical semigroup should have interpretations in terms of its Apéry set. This fact has

already been used by many authors and several characterizations have been given

for numerical semigroups in general and different classes of numerical semigroups in

particular. Kunz [8] has used the Apéry sets of a numerical semigroup to define the

so called Kunz coordinates which characterize the semigroup completely. Kunz and
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Waldi [9], Blanco et al. [2], and Kaplan [7] used the Apéry sets and the Kunz coor-

dinates to find formulas for the number of elements in certain classes of numerical

semigroups.

The Apéry set Ap(S,m) = {w(0) = 0, w(1), . . . , w(m− 1)} of S with respect to

its multiplicity m is the smallest Apéry set of S and each non-negative element of

Ap(S,m) is greater than m. In other words, there exists a unique ki ∈ N, called the

ith Kunz coordinate of S, such that

w(i) = kim+ i

for each i ∈ {1, 2, . . . ,m− 1}. The vector κ = (k1, k2, . . . , km−1) is called the Kunz

vector of S (see [8, 9, 14]).

The second identity in (1) can be expressed in terms of the Kunz coordinates

as

g(S) = k1 + k2 + · · ·+ km−1.

Using the identities in (3), one can see that for i, j ∈ {1, 2, . . . ,m− 1},

ki + kj − ki+j ≥
{

0 if 1 ≤ i+ j < m,

−1 if i+ j > m.
(4)

The next lemma which can be derived from [11, Lemma 3.3] or [14, Theorem 11],

shows that the inequalities in (4) are sufficient for a vector κ = (k1, . . . , km−1)

with components in N to be the Kunz vector of a numerical semigroup with mul-

tiplicity m.

Lemma 2.1. Let m ∈ N,m > 1, and let κ = (k1, . . . , km−1) ∈ N
m−1. Then κ is

the Kunz vector of a numerical semigroup S with multiplicity m if and only if the

inequalities in (4) are satisfied, and when that is the case

Ap(S,m) = {0, k1m+ 1, . . . , km−1m+m− 1}.
Lemma 2.1 implies that a numerical semigroup is completely determined by its

Kunz vector. Hence to determine a numerical semigroup with multiplicity m, it suf-

fices to determine the corresponding vector κ = (k1, . . . , km−1) ∈ N
m−1 satisfying

the inequalities in (4). The vectors satisfying the inequalities in (4) constitute the

coordinates of the polytope defined by those inequalities in N
m−1.

Let S be a numerical semigroup with multiplicity m and conductor c. We have

f = max(Ap(S,m))−m by (1). Hence

c = max(Ap(S,m))−m+ 1.

We set M = max(Ap(S,m)) and call M the major of S. Thus, M = c+m− 1. If

κ = (k1, k2, . . . , km−1) is the Kunz vector of S, then there exists i∗ ∈ {1, . . . ,m−1}
such that

M = w(i∗) = ki∗m+ i∗.
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We call ki∗ the major Kunz coordinate of S. It is easily seen that

M =

{
w(m− 1) if c = 0,

w(c− 1) if c �= 0

and thus

ki∗ =



km−1 =

c

m
if c = 0,

k c−1 =
c− c

m
+ 1 if c �= 0.

(5)

Let us also note that for any j ∈ {1, . . . ,m− 1}, we have

M + w(j) = (ki∗m+ i∗) + (kjm+ j)

= (ki∗ + kj)m+ (i∗ + j)

≥ (ki∗ + 1)m+ (i∗ + j)

≥ (k i∗+j + 1)m+ (i∗ + j)

which implies

(ki∗ + kj)− ki∗+j ≥ 1.

Hence, the inequalities (4) in Lemma 2.1 are satisfied if ki = ki∗ or kj = ki∗. Then
Lemma 2.1 can be refined as follows.

Lemma 2.2. Let m ∈ N, m > 1, and let κ = (k1, . . . , km−1) ∈ N
m−1. Assume that

max{ki + i : 1 ≤ i ≤ m− 1} = ki∗ + i∗.

Then κ is the Kunz vector of a numerical semigroup with multiplicity m and major

M = ki∗ + i∗ if and only if

ki + kj − ki+j ≥
{

0 if 1 ≤ i+ j < m,

−1 if i+ j > m

for all i, j ∈ {1, . . . ,m− 1}\{i∗}.
Lemma 2.2 shows that numerical semigroups with given multiplicity and major

(or conductor) are in one to one correspondence with lattice points of the polytope

defined by the inequalities in (4).

MED semigroups also can be characterized by their Kunz vectors. Theorem 15

of [14] and the observations just before Lemma 2.2 above can be used to prove the

following lemma.

Lemma 2.3. Let m ∈ N,m > 1, and let κ = (k1, . . . , km−1) ∈ N
m−1. Assume that

max{ki + i : 1 ≤ i ≤ m− 1} = ki∗ + i∗.
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Then κ is the Kunz vector of a MED semigroup with multiplicity m and major

M = ki∗ + i∗ if and only if

ki + kj − ki+j ≥
{
1 if 1 ≤ i+ j < m,

0 if i+ j > m

for all i, j ∈ {1, . . . ,m− 1}\{i∗}.
The following lemma, which can be deduced from [13, Proposition 2.12 and

Corollary 4.5], shows that the Kunz coordinates of symmetric or pseudo-symmetric

numerical semigroups of given multiplicity and conductor correspond to the lattice

points lying on a hyperplane of the polytope mentioned above.

Lemma 2.4. Let m, c ∈ N, c ≥ m > 1 and let S be a numerical semigroup with

multiplicity m, conductor c and Kunz vector κ = (k1, . . . , km−1) ∈ Nm−1. Then

(i) S is symmetric if and only if c is even and k1 + · · ·+ km−1 = c
2 ,

(ii) S is pseudo-symmetric if and only if c is odd and k1 + · · ·+ km−1 = c+1
2 .

We observe that there is no symmetric numerical semigroup whose conductor is

odd, and there is no pseudo-symmetric numerical group whose conductor is even.

3. Numerical Semigroups with Low Multiplicity

In this section, we focus on parametrization of numerical semigroups with multi-

plicity up to 5 and given conductor. Let us note once more that if c is the conductor

of a numerical semigroup with multiplicity m, then c �≡ 1 (mod m). We shall use

the notations

c = mb + c with b ∈ N and c ∈ {0, 2, . . . ,m− 1}.

3.1. Numerical semigroups with multiplicity 1

The only numerical semigroup with multiplicity 1 is N0 which is a MED semigroup,

and which is also symmetric.

3.2. Numerical semigroups with multiplicity 2

If S is a numerical semigroup with multiplicity 2 and conductor c, then c is even and

S = 〈2, c+1〉. We see that a numerical semigroup with multiplicity 2 is completely

determined by its conductor and that any numerical semigroup with multiplicity 2

is a MED semigroup. Any numerical semigroup with multiplicity 2 is symmetric by

Lemma 2.4.

Numerical semigroups with multiplicity 3 or more are not completely deter-

mined by their conductor alone. Rosales [12] proves that a numerical semigroup

with multiplicity 3 is completely determined by its genus and Frobenius number

In
t. 

J.
 A

lg
eb

ra
 C

om
pu

t. 
20

18
.2

8:
69

-9
5.

 D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 8
8.

22
4.

15
0.

17
9 

on
 0

6/
30

/1
9.

 R
e-

us
e 

an
d 

di
st

ri
bu

tio
n 

is
 s

tr
ic

tly
 n

ot
 p

er
m

itt
ed

, e
xc

ep
t f

or
 O

pe
n 

A
cc

es
s 

ar
tic

le
s.



February 2, 2018 14:20 WSPC/S0218-1967 132-IJAC 1850004

Parametrizing numerical semigroups 75

(or conductor). Moreover, a formula is given in that paper for the number of numer-

ical semigroups with multiplicity 3 and Frobenius number f. Blanco et al. [2] also

contains formulas for the number of numerical semigroups with multiplicity 3 and

given Frobenius number as well as a formula for the number of numerical semigroups

with multiplicity 4 and given Frobenius number; the latter being obtained by com-

puter facilities. In [10], parametrizations are given for almost symmetric numerical

semigroups with multiplicity 5 and embedding dimension 4; and parametrizations

are given for Arf numerical semigroups with given conductor and multiplicity up to 7

in [5]. We give below parametrizations of numerical semigroups (MED semigroups,

symmetric and pseudo-symmetric numerical semigroups) with given conductor and

multiplicity 3, 4 or 5.

Given a rational number q, we shall use the customary notation �q for the

smallest integer which is not less than q, and �q� for the largest integer which is

not greater than q.

3.3. Numerical semigroups with multiplicity 3

The following proposition describes all numerical semigroups with multiplicity 3

and conductor c.

Proposition 3.1. Let S be a numerical semigroup with multiplicity 3 and conduc-

tor c = 3b+ c, b ∈ N.

(i) If c = 0, then S = 〈3, 3k1 + 1, 3b+ 2〉, where � b
2 ≤ k1 ≤ b,

(ii) If c = 2, then S = 〈3, 3b+ 4, 3k2 + 2〉, where � b
2 ≤ k2 ≤ b.

Proof. Assume that S is a numerical semigroup with multiplicity 3 and conductor

c = 3b+ c. Then M = c+ 2. Let the Kunz vector of S be (k1, k2).

(i) If c = 0, then the major Kunz coordinate of S is k2 = b by (5). Therefore, k1 ≤ b

and 2k1 − b ≥ 0, i.e. k1 ≥ b
2 by Lemma 2.2. This proves the first assertion.

(ii) If c = 2, then the major Kunz coordinate of S is k1 = b+ 1 by (5). Therefore,

k2 ≤ b and 2k2 − (b + 1) ≥ −1, i.e. k2 ≥ b
2 by Lemma 2.2. This proves the

second assertion.

Proposition 2.1 can be used to calculate the number N(3, c).

Corollary 3.2. If c �≡ 1 (mod 3), then the number of numerical semigroups with

multiplicity 3 and conductor c is N(3, c) = c−c
3 − � c−c

6 + 1.

Corollary 8 of [12] and Proposition 4.3 of [2] give formulas for N(3, c) in terms of

the Frobenius number. The formula in [2] is exactly the same as the above formula,

but the formula given in [12] is different.

Using Lemma 2.3 instead of Lemma 2.2 in the above proof, we obtain the

following results.
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Corollary 3.3. Let S be a MED semigroup with multiplicity 3 and conductor c =

3b+ c, b ∈ N.

(i) If c = 0, then S = 〈3, 3k1 + 1, 3b+ 2〉, where � b+1
2  ≤ k1 ≤ b,

(ii) If c = 2, then S = 〈3, 3b+ 4, 3k2 + 2〉, where � b+1
2  ≤ k2 ≤ b.

Corollary 3.4. If c �≡ 1 (mod 3), then the number of MED semigroups with mul-

tiplicity 3 and conductor c is NMED(3, c) =
c−c
3 − � c−c+3

6 + 1.

There is a similar formula forNMED(3, c) in [2] in terms of the Frobenius number.

Proposition 2.1 together with Lemma 2.4 can be used to characterize symmetric

and pseudo-symmetric numerical semigroups with multiplicity 3.

Corollary 3.5. Assume that c ∈ N, c > 3, and c �≡ 1 (mod 3).

(i) If c is even, S = 〈3, c+2
2 , c+2〉 is the only symmetric numerical semigroup with

multiplicity 3 and conductor c.

(ii) If c is odd, S = 〈3, c+5
2 , c+2〉 is the only pseudo-symmetric numerical semigroup

with multiplicity 3 and conductor c.

Proof. (i) It is easy to see that the given numerical semigroup S is symmetric

with multiplicity 3 and conductor c. Consider a symmetric numerical semigroup

with multiplicity 3, conductor c and Kunz vector (k1, k2). Then

w(1) + w(2) = (3k1 + 1) + (3k2 + 2) = 3
c

2
+ 3

= (c+ 2) +
( c
2
+ 1

)
= M+

c+ 2

2

by Lemma 2.4. It follows that the nonzero element of Ap(S, 3) that is not the major

is c+2
2 and S = 〈3, c+2

2 , c+ 2〉. The proof of (ii) is similar and we omit it.

3.4. Numerical semigroups with multiplicity 4

Let S be a numerical semigroup with multiplicity 4 and conductor c. Let c ≡
c (mod 4) and thus c = 4b + c with c ∈ {0, 2, 3} and b ∈ N. We will consider the

three cases c = 0, c = 2 and c = 3 separately.

Proposition 3.6. Let S be a numerical semigroup with multiplicity 4, conductor

4b, b ∈ N, and Kunz vector (k1, k2, k3). Then the major Kunz coordinate of S is

k3 = b and

S = 〈4, 4k1 + 1, 4k2 + 2, 4b+ 3〉
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with (k1, k2) ∈ A0 ∪ B0, where A0, B0 are sets of ordered pairs of positive integers

defined as

A0 =

{
(t, u) :

⌈
b

3

⌉
≤ t ≤

⌈
b

2

⌉
− 1, b− t ≤ u ≤ 2t

}
,

B0 =

{
(t, u) :

⌈
b

2

⌉
≤ t ≤ b, b− t ≤ u ≤ b

}
\{(b, 0)}.

Furthermore,

N(4, 4b) =

� b
2 �−1∑

t=� b
3 �
(3t− b+ 1) +

b∑
t=� b

2 �
(t+ 1)− 1.

Proof. The major Kunz coordinate of S is k3 = b by (5) and therefore we have

k1 ≤ b, k2 ≤ b. Moreover, we have

2k1 − k2 ≥ 0, k1 + k2 − b ≥ 0

by Lemma 2.2. For the Kunz coordinates k1 and k2 of S, (k1, k2) is a lattice point

in the shaded region in Fig. 1; and conversely, if (k1, k2) is a lattice point in that

region, then (k1, k2, b) is the Kunz vector of a numerical semigroup with multiplicity

4 and conductor 4b. Therefore, there is a one to one correspondence between the set

of numerical semigroups with multiplicity 4 and conductor 4b and the set of lattice

points in the shaded region of Fig. 1. It follows that the number of numerical

semigroups with multiplicity 4 and conductor 4b is the number of lattice points in

the shaded region. It is easily seen that the set of lattice points in the shaded region

is the disjoint union of the sets

A0 =

{
(t, u) :

⌈
b

3

⌉
≤ t ≤

⌈
b

2

⌉
− 1, b− t ≤ u ≤ 2t

}

�
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Fig. 1. Region for the Kunz coordinates k1, k2.
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and

B0 =

{
(t, u) :

⌈
b

2

⌉
≤ t ≤ b, b− t ≤ u ≤ b

}
\{(b, 0)},

where t and u denote integers. The descriptions of A0 and B0 above can be used

to calculate the number of lattice points in these sets. We get

N(4, 4b) =

� b
2 �−1∑

t=� b
3 �
(3t− b+ 1) +

b∑
t=� b

2 �
(t+ 1)− 1.

For MED semigroups with multiplicity 4 and conductor 4b, we have the following

proposition.

Proposition 3.7. Let S be a MED semigroup with multiplicity 4, conductor 4b,

b ∈ N, and Kunz vector (k1, k2, k3). Then

S = 〈4, 4k1 + 1, 4k2 + 2, 4b+ 3〉
with (k1, k2) ∈ A′

0 ∪B′
0, where A′

0, B
′
0 are sets of ordered pairs of positive integers

defined as

A′
0 =

{
(t, u) :

⌈
b+ 2

3

⌉
≤ t ≤

⌈
b+ 1

2

⌉
− 1, b+ 1− t ≤ u ≤ 2t− 1

}
,

B′
0 =

{
(t, u) :

⌈
b+ 1

2

⌉
≤ t ≤ b, b+ 1− t ≤ u ≤ b

}
.

Furthermore,

NMED(4, 4b) =

� b+1
2 �−1∑

t=� b+2
3 �

(3t− b− 1) +

b∑
t=� b+1

2 �
t.

Proof. The Kunz coordinates of S being as in Proposition 3.6, S is a MED semi-

group if and only if 2k1 − k2 ≥ 1, k1 + k2 − b ≥ 1 by Lemma 2.3. Thus, S is a MED

semigroup if and only if the point (k1, k2) does not lie on any of the lines u = 2t and

t+ u = b (see Fig. 1) for the two Kunz coordinates k1 and k2 of S. The assertions

follow from this observation.

Symmetric numerical semigroups with multiplicity 4 and conductor 4b are

characterized as follows.

Proposition 3.8. Let S be a numerical semigroup with multiplicity 4 and conduc-

tor 4b, b ∈ N. Then S is symmetric if and only if

S = 〈4, 4t+ 1, 4(b− t) + 2, 4b+ 3〉
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for some t ∈ N with � b
3 ≤ t ≤ b− 1. Thus,

NSYM(4, 4b) = b−
⌈
b

3

⌉
.

Proof. Necessity is obvious. To prove the sufficiency, let S be a symmetric numer-

ical semigroup with multiplicity 4 and conductor 4b. Then the major Kunz coordi-

nate of S is k3 = b and k1 ≤ b, k2 ≤ b, 2k1 − k2 ≥ 0 by Proposition 3.6. Moreover,

k1 + k2 + b = c
2 = 2b by Lemma 2.4. Hence k1 + k2 = b and we note that

1 ≤ k2 = b− k1 ⇒ k1 ≤ b− 1 and 0 ≤ 2k1 − k2 = 2k1 − (b− k1) ⇒ k1 ≥ b

3
.

Setting k1 = t, the Kunz vector of S is (t, b− t, b) and

S = 〈4, 4t+ 1, 4(b− t) + 2, 4b+ 3〉,
⌈
b

3

⌉
≤ t ≤ b− 1.

Example 3.9. Let us consider numerical semigroups with multiplicity 4 and con-

ductor 16. Then b = 4 and Kunz vector of any numerical semigroup with multi-

plicity 4 and conductor 16 is of the form (k1, k2, 19), where k1 and k2 satisfy the

inequalities

1 ≤ k1 ≤ 4, 1 ≤ k2 ≤ 4, 2k1 ≥ k2, k1 + k2 ≥ 4

and thus they are the cartesian coordinates of a lattice point of the shaded region

in Fig. 2.

There are 11 lattice points in that region. The corresponding Kunz coordinates are

(2, 2, 4), (2, 3, 4), (2, 4, 4), (3, 1, 4), (3, 2, 4),

(3, 3, 4), (3, 4, 4), (4, 1, 4), (4, 2, 4), (4, 3, 4), (4, 4, 4),
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�
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Fig. 2. Lattice points.
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and the corresponding numerical semigroups are

〈4, 9, 10, 19〉, 〈4, 9, 14, 19〉, 〈4, 9, 18, 19〉, 〈4, 13, 6, 19〉,
〈4, 13, 10, 19〉, 〈4, 13, 14, 19〉, 〈4, 13, 18, 19〉, 〈4, 17, 6, 19〉, 〈4, 17, 10, 19〉,

〈4, 17, 14, 19〉, 〈4, 17, 18, 19〉.
The three underlined semigroups in the above list are not MED semigroups; the

remaining eight semigroups in the list are MED semigroups. Two of the semigroups

in the list are symmetric: 〈4, 9, 10, 19〉 and 〈4, 13, 6, 19〉.

Proposition 3.10. Let S be a numerical semigroup with multiplicity 4, conductor

4b + 2, b ∈ N, and Kunz vector (k1, k2, k3). Then the major Kunz coordinate of S

is k1 = b+ 1 and

S = 〈4, 4b+ 5, 4k2 + 2, 4k3 + 3〉
with (k2, k3) ∈ A2 ∪B2, where A2, B2 are sets of ordered pairs of positive integers

defined as

A2 =

{
(t, u) :

⌈
b− 1

3

⌉
≤ u ≤

⌈
b− 1

2

⌉
− 1, b− u ≤ t ≤ 2u+ 1

}
,

B2 =

{
(t, u) :

⌈
b− 1

2

⌉
≤ u ≤ b, b− u ≤ t ≤ b

}
\{(0, b)}.

Furthermore,

N(4, 4b+ 2) =

� b−1
2 �−1∑

u=� b−1
3 �

(3u− b+ 2) +

b∑
u=� b−1

2 �
(u+ 1)− 1.

Proof. The major Kunz coordinate of S is k1 = b+1 by (5) and therefore we have

k2 ≤ b, k3 ≤ b.

Moreover, we have

2k3 − k2 ≥ −1, k2 + k3 − b ≥ 0

by Lemma 2.2. The rest of the proof can be given just as in the proof of

Proposition 3.6.

We omit the proofs of the following propositions about MED semigroups and

symmetric numerical semigroups with multiplicity 4 and conductor 4b+ 2.

Proposition 3.11. Let S be a MED semigroup with multiplicity 4, conductor

4b+2, b ∈ N, and Kunz vector (k1, k2, k3). Then

S = 〈4, 4b+ 5, 4k2 + 2, 4k3 + 3〉
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with (k2, k3) ∈ A′
2 ∪B′

2, where A′
2, B

′
2 are sets of ordered pairs of positive integers

defined as

A′
2 =

{
(t, u) :

⌈
b+ 1

3

⌉
≤ u ≤

⌈
b

2

⌉
− 1, b+ 1− u ≤ t ≤ 2u

}
,

B′
2 =

{
(t, u) :

⌈
b

2

⌉
≤ u ≤ b, b+ 1− u ≤ t ≤ b

}
.

Furthermore,

NMED(4, 4b+ 2) =

� b
2 �−1∑

u=� b+1
3 �

(3u− b) +

b∑
u=� b

2 �
u.

Proposition 3.12. Let b ∈ N, b > 1. Then S is a symmetric numerical semigroup

with multiplicity 4 and conductor 4b+ 2 if and only if

S = 〈4, 4b+ 5, 4(b− t) + 2, 4t+ 3〉
for some t ∈ N with � b−1

3  ≤ t ≤ b− 1. Thus, for any integer b > 1,

NSYM(4, 4b+ 2) = b−
⌈
b− 1

3

⌉
.

For numerical semigroups with multiplicity 4 and conductor 4b + 3, we have

the following results.

Proposition 3.13. Let S be a numerical semigroup with multiplicity 4, conductor

4b+ 3, b ∈ N, and Kunz vector (k1, k2, k3). Then the major Kunz coordinate of S

is k2 = b+ 1 and

S = 〈4, 4k1 + 1, 4b+ 6, 4k3 + 3〉
with

(k1, k3) ∈
{
(t, u) :

⌈
b+ 1

2

⌉
≤ t ≤ b+ 1,

⌈
b

2

⌉
≤ u ≤ b

}
.

Furthermore,

N(4, 4b+ 3) =

(
b−

⌈
b+ 1

2

⌉
+ 2

)(
b−

⌈
b

2

⌉
+ 1

)
.

Proof. The major Kunz coordinate of S is k2 = b+1 by (5) and therefore we have

k1 ≤ b+ 1, k3 ≤ b.

Moreover, we have

2k1 − (b+ 1) ≥ 0, 2k3 − b ≥ 0

by Lemma 2.2. For the Kunz coordinates k1 and k3 of S, (k1, k3) is a lattice point in

the shaded region in Fig. 3; and conversely, if (k1, k3) is a lattice point in that region,

In
t. 

J.
 A

lg
eb

ra
 C

om
pu

t. 
20

18
.2

8:
69

-9
5.

 D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 8
8.

22
4.

15
0.

17
9 

on
 0

6/
30

/1
9.

 R
e-

us
e 

an
d 

di
st

ri
bu

tio
n 

is
 s

tr
ic

tly
 n

ot
 p

er
m

itt
ed

, e
xc

ep
t f

or
 O

pe
n 

A
cc

es
s 

ar
tic

le
s.



February 2, 2018 14:20 WSPC/S0218-1967 132-IJAC 1850004
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�

�

t

u

b+1
2

b
2

b+ 1

b

Fig. 3. Region for the Kunz coordinates k1, k3.

then the vector (k1, b + 1, k3) is the Kunz vector of a numerical semigroup with

multiplicity 4 and conductor 4b+3. Therefore, there is a one to one correspondence

between the set of numerical semigroups with multiplicity 4 and conductor 4b + 3

and the set of lattice points in the shaded region of Fig. 3. The latter is precisely{
(t, u) :

⌈
b + 1

2

⌉
≤ t ≤ b+ 1,

⌈
b

2

⌉
≤ u ≤ b

}

and its cardinality gives the formula for N(4, 4b+ 3):

N(4, 4b+ 3) =

(
b−

⌈
b+ 1

2

⌉
+ 2

)(
b−

⌈
b

2

⌉
+ 1

)
.

MED semigroups and pseudo-symmetric numerical semigroups with multiplicity

4 and conductor 4b+ 3 are characterized as follows.

Proposition 3.14. Let S be a MED semigroup with multiplicity 4, conductor

4b+3, b ∈ N, and Kunz vector (k1, k2, k3). Then

S = 〈4, 4k1 + 1, 4b+ 6, 4k3 + 3〉
with (k1, k3) ∈ {(t, u) : � b+2

2  ≤ t ≤ b+ 1, � b+1
2  ≤ u ≤ b}. Thus,

NMED(4, 4b+ 3) =

(
b−

⌈
b+ 2

2

⌉
+ 2

)(
b−

⌈
b+ 1

2

⌉
+ 2

)
.

Proposition 3.15. For any b ∈ N, S = 〈4, 4� b+1
2 +1, 4b+6, 4(b+1−� b+1

2 )+ 3〉
is the only pseudo-symmetric numerical semigroup with multiplicity 4 and conductor

4b+ 3.

Proof. It is clear that the semigroup given in the proposition is pseudo-symmetric

with multiplicity 4 and conductor 4b + 3. To prove that it is the only one, let
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S be a pseudo-symmetric numerical semigroup with multiplicity 4 and conductor

4b+3. Then the major Kunz coordinate of S is k2 = b+1 and the remaining Kunz

coordinates satisfy k1 ≥ b+1
2 , k3 ≥ b

2 by Proposition 3.13. Moreover, k1+b+1+k3 =
c+1
2 = 2b+ 2 and hence k1 + k3 = b + 1 by Lemma 2.4. The last identity together

with k3 ≥ b
2 implies k1 ≤ b+2

2 . Hence b+1
2 ≤ k1 ≤ b+2

2 and therefore k1 = � b+1
2 ,

k3 = b+ 1− � b+1
2 . This completes the proof.

3.5. Numerical semigroups with multiplicity 5

Let S be a numerical semigroup with multiplicity 5 and conductor c. Let c ≡
c (mod 5) and thus c = 5b+ c with c ∈ {0, 2, 3, 4} and b ∈ N. We will consider the

four cases c = 0, c = 2, c = 3 and c = 4 separately.

Kunz coordinates other than the major Kunz coordinate of a semigroup with

multiplicity 5 constitute the coordinates of lattice points in a polytope in the 3-

dimensional Cartesian space. We will sketch that polytope for the case c = 0 and

obtain the parametrization by means of a partition of that polytope. The picture

for each of the other cases is very similar to this case.

Proposition 3.16. Let S be a numerical semigroup with multiplicity 5, conductor

5b, b ∈ N, and Kunz vector (k1, k2, k3, k4). Then the major Kunz coordinate of S is

k4 = b and

S = 〈5, 5k1 + 1, 5k2 + 2, 5k3 + 3, 5b+ 4〉
with (k1, k2, k3) ∈ A0∪B0∪C0∪D0, where A0, B0, C0, D0 are sets of ordered triples

of positive integers defined as

A0 =

{
(t, u, v) :

⌈
2b+ 1

3

⌉
≤ t ≤ b,

⌈
b

2

⌉
≤ u ≤ b,

⌈
t− 1

2

⌉
≤ v ≤ b

}
,

B0 =

{
(t, u, v) :

⌈
b

2

⌉
≤ u ≤

⌈
2b

3

⌉
− 1,

⌈u
2

⌉
≤ t ≤ b− u, b− t ≤ v ≤ t+ u

}
,

C0 =

{
(t, u, v) :

⌈
b

2

⌉
≤ u ≤

⌈
2b

3

⌉
− 1, b+ 1− u ≤ t ≤

⌈
2b+ 1

3

⌉
− 1, b− t ≤ v ≤ b

}
,

D0 =

{
(t, u, v) :

⌈
2b

3

⌉
≤ u ≤ b,

⌈u
2

⌉
≤ t ≤

⌈
2b+ 1

3

⌉
− 1, b− t ≤ v ≤ b

}
.

Furthermore,

N(5, 5b) =

(
b−

⌈
b

2

⌉
+1

) b∑
t=� 2b+1

3 �

(
b−

⌈
t− 1

2

⌉
+1

)
+

� 2b
3 �−1∑

u=� b
2 �

b−u∑
t=�u

2 �
(2t+u− b+1)

+

� 2b
3 �−1∑

u=� b
2 �

� 2b+1
3 �−1∑

t=b+1−u

(t+ 1) +
b∑

u=� 2b
3 �

� 2b+1
3 �−1∑

t=� u
2 �

(t+ 1).
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Proof. The major Kunz coordinate of S is k4 = b by (5) and therefore

k1 ≤ b, k2 ≤ b, k3 ≤ b.

Moreover, we have

2k1 − k2 ≥ 0, k1 + k2 − k3 ≥ 0,

k1 + k3 − b ≥ 0, 2k2 − b ≥ 0, 2k3 − k1 ≥ −1

by Lemma 2.2. For the Kunz coordinates k1, k2 and k3 of S, (k1, k2, k3) is a lattice

point in the polytope in Fig. 4 below; and conversely, if (k1, k2, k3) is a lattice point

in that polytope, then (k1, k2, k3, b) is the Kunz vector of a numerical semigroup

with multiplicity 5 and conductor 5b. We get the partition of that polytope as

A0 ∪ B0 ∪ C0 ∪ D0 by cutting it with the plane t = � 2b+1
3 . The portion of the

polytope lying in the half-space t ≥ � 2b+1
3  is denoted by A0. Description of A0 as

in the proposition is obtained by considering its projection onto the tv-plane. The

other portion that lies in the half-space t ≤ � 2b+1
3 +1 is divided into three mutually

disjoint pieces B0, C0, D0 by considering projection onto the tu-plane. The sum of

cardinalities of these sets gives the formula for N(5, 5b).
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b−1
3 )

( b2 , b,
b
2 )

( b2 , b, b)

( b3 ,
2b
3 , b)

(b, b
2 , b)

( b4 ,
b
2 ,

3b
4 )

( b2 ,
b
2 , b)

(b, b, b−1
2 )

Fig. 4. Polytope for the Kunz coordinates k1, k2, k3.

Using Lemma 2.3 instead of Lemma 2.2 in the above proof, we obtain the

following result for MED semigroups with multiplicity 5 and conductor 5b.
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Proposition 3.17. Let S be a MED semigroup with multiplicity 5, conductor 5b,

b ∈ N, and Kunz vector (k1, k2, k3, k4). Then the major Kunz coordinate of S is

k4 = b and

S = 〈5, 5k1 + 1, 5k2 + 2, 5k3 + 3, 5b+ 4〉
with (k1, k2, k3) ∈ A′

0∪B′
0∪C′

0∪D′
0, where A′

0, B
′
0, C

′
o, D

′
0 are sets of ordered triples

of positive integers defined as

A′
0 =

{
(t, u, v) :

⌈
2b+ 2

3

⌉
≤ t ≤ b,

⌈
b+ 1

2

⌉
≤ u ≤ b,

⌈
t

2

⌉
≤ v ≤ b

}
,

B′
0 =

{
(t, u, v) :

⌈
b+ 1

2

⌉
≤ u ≤

⌈
2b+ 1

3

⌉
− 1,

⌈
u+ 1

2

⌉
≤ t ≤ b+ 1− u, b+ 1− t ≤ v ≤ t+ u− 1

}
,

C′
0 =

{
(t, u, v) :

⌈
b+ 1

2

⌉
≤ u ≤

⌈
2b+ 1

3

⌉
− 1,

b+ 2− u ≤ u ≤
⌈
2b+ 2

3

⌉
− 1, b+ 1− t ≤ v ≤ b

}
,

D′
0 =

{
(t, u, v) :

⌈
2b+ 1

3

⌉
≤ u ≤ b,

⌈
u+ 1

2

⌉
≤ t ≤

⌈
2b+ 2

3

⌉
− 1,

b+ 1− t ≤ v ≤ b

}
.

Furthermore,

NMED(5, 5b) =

(
b−

⌈
b+ 1

2

⌉
+ 1

) b∑
t=� 2b+2

3 �

(
b−

⌈
t

2

⌉
+ 1

)

+

� 2b+1
3 �−1∑

u=� b+1
2 �

b+1−u∑
t=�u+1

2 �
(2t+ u− b− 1)

+

� 2b+1
3 �−1∑

u=� b+1
2 �

� 2b+2
3 �−1∑

t=b+2−u

(t) +

b∑
u=� 2b+1

3 �

� 2b+2
3 �−1∑

t=� u+1
2 �

(t).

Proposition 3.18. Let S be a numerical semigroup with multiplicity 5, conductor

5b, b ∈ N. Then

(i) S is symmetric if and only if b is even and

S =

〈
5, 5t+ 1, 5

b

2
+ 2, 5(b− t) + 3, 5b+ 4

〉
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for some t ∈ N with � b
4 ≤ t ≤ � 2b+1

3 �. In that case,

NSYM(5, 5b) =

⌊
2b+ 1

3

⌋
−
⌈
b

4

⌉
+ 1.

(ii) S is pseudo-symmetric if and only if b is odd, b > 1, and

S =

〈
5, 5t+ 1, 5

b+ 1

2
+ 2, 5(b− t) + 3, 5b+ 4

〉

for some t ∈ N with � b+1
4  ≤ t ≤ � 2b+1

3 �. In that case,

NPSYM(5, 5b) =

⌊
2b+ 1

3

⌋
−
⌈
b+ 1

4

⌉
+ 1.

Proof. It suffices to prove the necessity of both (i) and (ii). Let S be a symmetric

numerical semigroup with multiplicity 5 and conductor 5b. Then the major Kunz

coordinate of S is k4 = b, 1 ≤ k1, k2, k3 ≤ b and

2k1 − k2 ≥ 0, k1 + k2 − k3 ≥ 0,

k1 + k3 − b ≥ 0, 2k2 − b ≥ 0, 2k3 − k1 ≥ −1

by Proposition 3.16 and its proof.

(i) If S is symmetric, then b is even and we have

k1 + k2 + k3 + b =
c

2
= 5

b

2
or, equivalently, k1 + k2 + k3 =

3b

2

by Lemma 2.4. Let us note that

k1 + k3 − b ≥ 0, 2k2 − b ≥ 0, k1 + k2 + k3 =
3b

2
⇒ k2 =

b

2
.

Thus, k1 + k3 = b, and

k2 =
b

2
, 2k1 − k2 ≥ 0 ⇒ k1 ≥ b

4
,

1 ≤ k3 = b− k1 ⇒ k1 ≤ b− 1, 2k3 − k1 ≥ −1 ⇒ k1 ≤ 2b+ 1

3
.

We have � 2b+1
3 � ≤ b− 1 for b ≥ 2. Now, setting k1 = t, the Kunz vector of S is

(t, b
2 , b− t, b) and

S =

〈
5, 5t+ 1, 5

b

2
+ 2, 5(b− t) + 3, 5b+ 4

〉

where � b
4 ≤ t ≤ � 2b+1

3 �. The statement about NSYM(5, 5b) is clear.

In
t. 

J.
 A

lg
eb

ra
 C

om
pu

t. 
20

18
.2

8:
69

-9
5.

 D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 8
8.

22
4.

15
0.

17
9 

on
 0

6/
30

/1
9.

 R
e-

us
e 

an
d 

di
st

ri
bu

tio
n 

is
 s

tr
ic

tly
 n

ot
 p

er
m

itt
ed

, e
xc

ep
t f

or
 O

pe
n 

A
cc

es
s 

ar
tic

le
s.



February 2, 2018 14:20 WSPC/S0218-1967 132-IJAC 1850004

Parametrizing numerical semigroups 87

(ii) If S is pseudo-symmetric, then b is odd, and b > 1 because the numerical

semigroup with multiplicity 5 and conductor 5 is not pseudo-symmetric. We

have

k1 + k2 + k3 + b =
c

2
=

5b+ 1

2
or, equivalently, k1 + k2 + k3 =

3b+ 1

2

by Lemma 2.4. Let us note that

k1 + k3 − b ≥ 0, 2k2 − b ≥ 0, k1 + k2 + k3 =
3b+ 1

2
⇒ b

2
≤ k2 ≤ b+ 1

2
.

Since b is an odd integer, this yields k2 = b+1
2 and k1 + k3 = b. Moreover,

k2 =
b+ 1

2
, 2k1 − k2 ≥ 0 ⇒ k1 ≥ b+ 1

4
,

1 ≤ k3 = b− k1 ⇒ k1 ≤ b− 1, 2k3 − k1 ≥ −1 ⇒ k1 ≤ 2b+ 1

3
.

We have � 2b+1
3 � ≤ b− 1 for b > 1. Now, setting k1 = t, the Kunz vector of S is

(t, b
2 , b− t, b) and

S =

〈
5, 5t+ 1, 5

b+ 1

2
+ 2, 5(b− t) + 3, 5b+ 4

〉

where � b+1
4  ≤ t ≤ � 2b+1

3 �. The statement about NPSYM(5, 5b) is clear.

Example 3.19. Let us consider numerical semigroups with multiplicity 5 and con-

ductor 15. Then b = 3 and by Proposition 3.16,

S = 〈5, 5k1 + 1, 5k2 + 2, 5k3 + 3, 19〉
with (k1, k2, k3) ∈ A0 ∪ D0, where A0, D0 are sets of ordered triples of positive

integers defined as

A0 = {(3, u, v) : 2 ≤ u ≤ 3, 1 ≤ v ≤ 3},

D0 =
{
(t, u, v) : 2 ≤ u ≤ 3,

⌈u
2

⌉
≤ t ≤ 2, 3− t ≤ v ≤ 3

}
.

The sets B0 and C0 in Proposition 3.16 are empty. A0 has 6 elements

(3, 2, 1), (3, 2, 2), (3, 2, 3), (3, 3, 1), (3, 3, 2) and (3, 3, 3) yielding the semigroups

〈5, 16, 12, 8, 19〉, 〈5, 16, 12, 13, 19〉, 〈5, 16, 12, 18, 19〉,
〈5, 16, 17, 8, 19〉, 〈5, 16, 17, 13, 19〉, 〈5, 16, 17, 18, 19〉;

D0 has 8 elements (1, 2, 2), (1, 2, 3), (2, 2, 1), (2, 2, 2), (2, 2, 3), (2, 3, 1), (2, 3, 2) and

(2, 3, 3) yielding the following semigroups:

〈5, 6, 12, 13, 19〉∗, 〈5, 6, 12, 18, 19〉, 〈5, 11, 12, 8, 19〉∗, 〈5, 11, 12, 13, 19〉,
〈5, 11, 12, 18, 19〉, 〈5, 11, 17, 8, 19〉, 〈5, 11, 17, 13, 19〉, 〈5, 11, 17, 18, 19〉.
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Thus, there are 14 numerical semigroups with multiplicity 5 and conductor 15. The

eight underlined numerical semigroups are MED semigroups, and the two semi-

groups with ∗ are pseudo-symmetric numerical semigroups with multiplicity 5 and

conductor 15. These could also be obtained directly by using Propositions 3.17

and 3.18.

We state our results about the remaining cases without proof.

Proposition 3.20. Let S be a numerical semigroup with multiplicity 5, conductor

5b + 2, b ∈ N, and Kunz vector (k1, k2, k3, k4). Then the major Kunz coordinate of

S is k1 = b+ 1 and

S = 〈5, 5b+ 6, 5k2 + 2, 5k3 + 3, 5k4 + 4〉
with (k2, k3, k4) ∈ A2∪B2∪C2∪D2, where A2, B2, C2, D2 are sets of ordered triples

of positive integers defined as

A2 =

{
(t, u, v) :

⌈
b

2

⌉
≤ u ≤ b,

⌈
2b

3

⌉
≤ v ≤ b,

⌈v
2

⌉
≤ t ≤ b

}
,

B2 =

{
(t, u, v) :

⌈
b

2

⌉
≤ u ≤

⌈
2b− 1

3

⌉
− 1,

⌈
u− 1

2

⌉
≤ v ≤ b− 1− u,

b− v ≤ t ≤ u+ v + 1

}
,

C2 =

{
(t, u, v) :

⌈
b

2

⌉
≤ u ≤

⌈
2b− 1

3

⌉
− 1, b− u ≤ v ≤

⌈
2b

3

⌉
− 1, b− v ≤ t ≤ b

}
,

D2 =

{
(t, u, v) :

⌈
2b− 1

3

⌉
≤ u ≤ b,

⌈
u− 1

2

⌉
≤ v ≤

⌈
2b

3

⌉
− 1, b− v ≤ t ≤ b

}
.

Furthermore,

N(5, 5b+ 2) =

(
b−

⌈
b

2

⌉
+ 1

) b∑
v=� 2b

3 �

(
b−

⌈v
2

⌉
+ 1

)

+

� 2b−1
3 �−1∑

u=� b
2 �

b−1−u∑
v=� u−1

2
�
(2v + u− b+ 2)

+

� 2b−1
3 �−1∑

u=� b
2 �

� 2b
3 �−1∑

v=b−u

(v + 1) +
b∑

u=� 2b−1
3 �

� 2b
3 �−1∑

v=� u−1
2 �

(v + 1).

Proposition 3.21. Let S be a MED semigroup with multiplicity 5, conductor 5b+

2, b ∈ N, and Kunz vector (k1, k2, k3, k4). Then the major Kunz coordinate of S is

k1 = b+ 1 and

S = 〈5, 5b+ 6, 5k2 + 2, 5k3 + 3, 5k4 + 4〉
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with (k2, k3, k4) ∈ A′
2∪B′

2∪C′
2∪D′

2, where A′
2, B

′
2, C

′
2, D

′
2 are sets of ordered triples

of positive integers defined as

A′
2 =

{
(t, u, v) :

⌈
b+ 1

2

⌉
≤ u ≤ b,

⌈
2b− 1

3

⌉
≤ v ≤ b,

⌈
v + 1

2

⌉
≤ t ≤ b

}
,

B′
2 =

{
(t, u, v) :

⌈
b+ 1

2

⌉
≤ u ≤

⌈
2b

3

⌉
− 1,

⌈u
2

⌉
≤ v ≤ b − u,

b+ 1− v ≤ t ≤ u+ v

}
,

C′
2 =

{
(t, u, v) :

⌈
b+ 1

2

⌉
≤ u ≤

⌈
2b

3

⌉
− 1, b+ 1− u ≤ v ≤

⌈
2b− 1

3

⌉
− 1,

b+ 1− v ≤ t ≤ b

}
,

D′
2 =

{
(t, u, v) :

⌈
2b

3

⌉
≤ u ≤ b,

⌈u
2

⌉
≤ v ≤

⌈
2b− 1

3

⌉
− 1, b+ 1− v ≤ t ≤ b

}
.

Furthermore,

NMED(5, 5b+ 2) =

(
b−

⌈
b + 1

2

⌉
+ 1

) b∑
v=� 2b−1

3 �

(
b−

⌈
v + 1

2

⌉
+ 1

)

+

� 2b
3 �−1∑

u=� b+1
2 �

b−u∑
v=� u

2 �
(2v + u− b)

+

� 2b
3 �−1∑

u=� b+1
2 �

� 2b−1
3 �−1∑

v=b+1−u

(v) +

b∑
u=� 2b

3 �

� 2b−1
3 �−1∑

v=� u
2 �

(v).

Proposition 3.22. Let S be a numerical semigroup with multiplicity 5, conductor

5b+ 2, b ∈ N. Then

(i) S is symmetric if and only if b is even and

S =

〈
5, 5b+ 6, 5(b− t) + 2, 5

b

2
+ 3, 5t+ 4

〉

for some t ∈ N with � b−2
4  ≤ t ≤ � 2b

3 �. Thus, NSYM(5, 12) = 1 and for any

even integer b > 2,

NSYM(5, 5b+ 2) =

⌊
2b

3

⌋
−
⌈
b− 2

4

⌉
+ 1.

(ii) S is pseudo-symmetric if and only if b is odd and

S =

〈
5, 5b+ 6, 5(b− t) + 2, 5

b+ 1

2
+ 3, 5t+ 4

〉
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for some t ∈ N with � b−1
4  ≤ t ≤ � 2b

3 �. Thus for any odd integer b > 1,

NPSYM(5, 5b+ 2) =

⌊
2b

3

⌋
−
⌈
b− 1

4

⌉
+ 1.

Proposition 3.23. Let S be a numerical semigroup with multiplicity 5, conductor

5b + 3, b ∈ N, and Kunz vector (k1, k2, k3, k4). Then the major Kunz coordinate of

S is k2 = b+ 1 and

S = 〈5, 5k1 + 1, 5b+ 7, 5k3 + 3, 5k4 + 4〉
with (k1, k3, k4) ∈ A3∪B3∪C3∪D3, where A3, B3, C3, D3 are sets of ordered triples

of positive integers defined as

A3 =

{
(t, u, v) :

⌈
b+ 1

2

⌉
≤ t ≤ b+ 1,

⌈
2b+ 1

3

⌉
≤ u ≤ b,

⌈
u− 1

2

⌉
≤ v ≤ b

}
,

B3 =

{
(t, u, v) :

⌈
b+ 1

2

⌉
≤ t ≤

⌈
2b+ 1

3

⌉
− 1,

⌈
t− 1

2

⌉
≤ u ≤ b− t,

b− u ≤ v ≤ t+ u

}
,

C3 =

{
(t, u, v) :

⌈
b+ 1

2

⌉
≤ t ≤

⌈
2b+ 1

3

⌉
− 1, b+ 1− t ≤ u ≤

⌈
2b+ 1

3

⌉
− 1,

b− u ≤ v ≤ b

}
,

D3 =

{
(t, u, v) :

⌈
2b+ 1

3

⌉
≤ t ≤ b+ 1,

⌈
t− 1

2

⌉
≤ u ≤

⌈
2b+ 1

3

⌉
− 1,

b− u ≤ v ≤ b

}
.

Furthermore,

N(5, 5b+ 3) =

(
b−

⌈
b+ 1

2

⌉
+ 2

) b∑
u=� 2b+1

3 �

(
b−

⌈
u− 1

2

⌉
+ 1

)

+

� 2b+1
3 �−1∑

t=� b+1
2 �

b−t∑
u=� t−1

2 �
(2u+ t− b+ 1)

+

� 2b+1
3 �−1∑

t=� b+1
2 �

� 2b+1
3 �−1∑

u=b+1−t

(u+ 1) +

b+1∑
t=� 2b+1

3 �

� 2b+1
3 �−1∑

u=� t−1
2 �

(u+ 1).

Proposition 3.24. Let S be a MED semigroup with multiplicity 5, conductor 5b+

3, b ∈ N, and Kunz vector (k1, k2, k3, k4). Then the major Kunz coordinate of S is
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k2 = b+ 1 and

S = 〈5, 5k1 + 1, 5b+ 7, 5k3 + 3, 5k4 + 4〉
with (k1, k3, k4) ∈ A′

3∪B′
3∪C′

3∪D′
3, where A′

3, B
′
3, C

′
3, D

′
3 are sets of ordered triples

of positive integers defined as

A′
3 =

{
(t, u, v) :

⌈
b+ 2

2

⌉
≤ t ≤ b+ 1,

⌈
2b+ 2

3

⌉
≤ u ≤ b,

⌈u
2

⌉
≤ v ≤ b

}
,

B′
3 =

{
(t, u, v) :

⌈
b+ 2

2

⌉
≤ t ≤

⌈
2b+ 2

3

⌉
− 1,

⌈
t

2

⌉
≤ u ≤ b+ 1− t,

b+ 1− u ≤ v ≤ t+ u− 1

}
,

C′
3 =

{
(t, u, v) :

⌈
b+ 2

2

⌉
≤ t ≤

⌈
2b+ 2

3

⌉
− 1, b+ 2− t ≤ u ≤

⌈
2b+ 2

3

⌉
− 1,

b+ 1− u ≤ v ≤ b

}
,

D′
3 =

{
(t, u, v) :

⌈
2b+ 2

3

⌉
≤ t ≤ b+ 1,

⌈
t

2

⌉
≤ u ≤

⌈
2b+ 2

3

⌉
− 1,

b+ 1− u ≤ v ≤ b

}
.

Furthermore,

NMED(5, 5b+ 3) =

(
b−

⌈
b+ 2

2

⌉
+ 2

) b∑
u=� 2b+2

3 �

(
b−

⌈u
2

⌉
+ 1

)

+

� 2b+2
3 �−1∑

t=� b+2
2 �

b+1−t∑
u=� t

2 �
(2u+ t− b− 1)

+

� 2b+2
3 �−1∑

t=� b+2
2 �

� 2b+2
3 �−1∑

u=b+2−t

(u) +

b+1∑
t=� 2b+2

3 �

� 2b+2
3 �−1∑

u=� t
2 �

(u).

Proposition 3.25. Let S be a numerical semigroup with multiplicity 5, conductor

5b+ 3, b ∈ N. Then

(i) S is symmetric if and only if b is odd and

S =

〈
5, 5

b+ 1

2
+ 1, 5b+ 7, 5t+ 3, 5(b− t)t+ 4

〉

for some t ∈ N with � b−1
4  ≤ t ≤ � 2b+1

3 �. In that case,

NSYM(5, 5b+ 3) =

⌊
2b+ 1

3

⌋
−
⌈
b− 1

4

⌉
+ 1.
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(ii) S is pseudo-symmetric if and only if b is even and

S =

〈
5, 5

b+ 2

2
+ 1, 5b+ 7, 5t+ 3, 5(b− t)t+ 4

〉

for some t ∈ N with � b
4 ≤ t ≤ � 2b+1

3 �. In that case,

NPSYM(5, 5b+ 3) =

⌊
2b+ 1

3

⌋
−
⌈
b− 1

4

⌉
+ 1.

Proposition 3.26. Let S be a numerical semigroup with multiplicity 5, conductor

5b + 4, b ∈ N, and Kunz vector (k1, k2, k3, k4). Then the major Kunz coordinate of

S is k3 = b+ 1 and

S = 〈5, 5k1 + 1, 5k2 + 2, 5b+ 8, 5k4 + 4〉
with (k1, k2, k4) ∈ A4∪B4∪C4∪D4, where A4, B4, C4, D4 are sets of ordered triples

of positive integers defined as small

A4 =

{
(t, u, v) :

⌈
b

2

⌉
≤ v ≤ b,

⌈
2b+ 2

3

⌉
≤ u ≤ b+ 1,

⌈u
2

⌉
≤ t ≤ b+ 1

}
,

B4 =

{
(t, u, v) :

⌈
b

2

⌉
≤ v ≤

⌈
2b

3

⌉
− 1,

⌈v
2

⌉
≤ u ≤ b− v,

b+ 1− u ≤ t ≤ u+ v + 1

}
,

C4 =

{
(t, u, v) :

⌈
b

2

⌉
≤ v ≤

⌈
2b

3

⌉
− 1, b+ 1− v ≤ u ≤

⌈
2b+ 2

3

⌉
− 1,

b+ 1− u ≤ t ≤ b+ 1

}
,

D4 =

{
(t, u, v) :

⌈
2b

3

⌉
≤ v ≤ b,

⌈v
2

⌉
≤ u ≤

⌈
2b+ 2

3

⌉
− 1, b+ 1− u ≤ t ≤ b+ 1

}
.

Furthermore,

N(5, 5b+ 4) =

(
b−

⌈
b

2

⌉
+ 1

) b+1∑
u=� 2b+2

3 

(
b−

⌈u
2

⌉
+ 2

)

+

� 2b
3 �−1∑

v=� b
2 �

b−v∑
u=� v

2 �
(2u+ v − b+ 1)

+

� 2b
3 �−1∑

v=� b
2 �

� 2b+2
3 �−1∑

u=b+1−v

(u) +

b∑
v=� 2b

3 �

� 2b+2
3 �−1∑

u=� v
2 �

(u).

Proposition 3.27. Let S be a MED semigroup with multiplicity 5, conductor 5b+

4, b ∈ N, and Kunz vector (k1, k2, k3, k4). Then the major Kunz coordinate of S is
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k3 = b+ 1 and

S = 〈5, 5k1 + 1, 5k2 + 2, 5b+ 8, 5k4 + 4〉
with (k1, k2, k4) ∈ A′

4∪B′
4∪C′

4∪D′
4, where A′

4, B
′
4, C

′
4, D

′
4 are sets of ordered triples

of positive integers defined as

A′
4 =

{
(t, u, v) :

⌈
b+ 1

2

⌉
≤ v ≤ b,

⌈
2b+ 3

3

⌉
≤ u ≤ b+ 1,

⌈
u+ 1

2

⌉
≤ t ≤ b+ 1

}
,

B′
4 =

{
(t, u, v) :

⌈
b+ 1

2

⌉
≤ v ≤

⌈
2b+ 1

3

⌉
− 1,

⌈
v + 1

2

⌉
≤ u ≤ b+ 1− v,

b+ 2− u ≤ t ≤ u+ v

}
,

C′
4 =

{
(t, u, v) :

⌈
b+ 1

2

⌉
≤ v ≤

⌈
2b+ 1

3

⌉
− 1, b+ 2− v ≤ u ≤

⌈
2b+ 3

3

⌉
− 1,

b+ 2− u ≤ t ≤ b+ 1

}
,

D′
4 =

{
(t, u, v) :

⌈
2b+ 1

3

⌉
≤ v ≤ b,

⌈
v + 1

2

⌉
≤ u ≤

⌈
2b+ 3

3

⌉
− 1,

b+ 2− u ≤ t ≤ b+ 1

}
.

Furthermore,

NMED(5, 5b+ 4) =

(
b−

⌈
b+ 1

2

⌉
+ 1

) b+1∑
u=� 2b+3

3 �

(
b−

⌈
u+ 1

2

⌉
+ 2

)

+

� 2b+1
3 �−1∑

v=� b+1
2 �

b+1−v∑
u=� v+1

2 �
(2u+ v − b− 1)

+

� 2b+1
3 �−1∑

v=� b+1
2 �

� 2b+3
3 �−1∑

u=b+2−v

(u) +

b∑
v=� 2b+1

3 �

� 2b+3
3 �−1∑

u=� v+1
2 �

(u).

Proposition 3.28. Let S be a numerical semigroup with multiplicity 5, conductor

5b+ 4, b ∈ N. Then

(i) S is symmetric if and only if b is even and

S =

〈
5, 5(b+ 1− t) + 1, 5t+ 2, 5b+ 8, 5

b

2
+ 4

〉

for some t ∈ N with � b
4 ≤ t ≤ � 2b+2

3 �. In that case,

NSYM(5, 5b+ 4) =

⌊
2b+ 2

3

⌋
−
⌈
b

4

⌉
+ 1.
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(ii) S is pseudo-symmetric if and only if b is odd and

S =

〈
5, 5(b+ 1− t) + 1, 5t+ 2, 5b+ 8, 5

b+ 1

2
+ 4

〉

for some t ∈ N with � b+1
4  ≤ t ≤ � 2b+2

3 �. In that case,

NPSYM(5, 5b+ 4) =

⌊
2b+ 2

3

⌋
−
⌈
b+ 1

4

⌉
+ 1.

The following example appears in [14].

Example 3.29. Let us consider numerical semigroups with multiplicity 5 and con-

ductor 14. Then b = 2 and by Proposition 3.26,

S = 〈5, 5k1 + 1, 5k2 + 2, 18, 5k4 + 4〉

with (k1, k2, k4) ∈ A4 ∪ B4 ∪ D4, where A4, B4, D4 are sets of ordered triples of

positive integers defined as

A4 =
{
(t, u, v) : 1 ≤ v ≤ 2, 2 ≤ u ≤ 3,

⌈u
2

⌉
≤ t ≤ 3

}
,

B4 =
{
(t, u, v) : 1 ≤ v ≤ 1,

⌈v
2

⌉
≤ u ≤ 2− v, 3 − u ≤ t ≤ u+ v + 1

}
,

C4 = {(t, u, v) : 1 ≤ v ≤ 1, 3− v ≤ u ≤ 1, 3− u ≤ t ≤ 3},

D4 =
{
(t, u, v) : 2 ≤ v ≤ 2,

⌈v
2

⌉
≤ u ≤ 1, 3− u ≤ t ≤ 3

}
.

The set C4 in Proposition 3.26 is empty. A4 has 10 elements (1, 2, 1), (2, 2, 1),

(3, 2, 1), (2, 3, 1), (3, 3, 1), (1, 2, 2), (2, 2, 2), (3, 2, 2), (2, 3, 2), (3, 3, 2) yielding the

semigroups 〈5, 6, 12, 18, 9〉∗, 〈5, 11, 12, 18, 9〉, 〈5, 16, 12, 18, 9〉, 〈5, 11, 17, 18, 9〉, 〈5, 16,
17, 18, 9〉, 〈5, 6, 12, 18, 14〉, 〈5, 11, 12, 18, 14〉, 〈5, 16, 12, 18, 14〉, 〈5, 11, 17, 18, 14〉, 〈5, 16,
17, 18, 14〉;B4 has two elements (2, 1, 1), (3, 1, 1) yielding the two semigroups

〈5, 11, 7, 18, 9〉∗, 〈5, 16, 7, 18, 9〉;D4 has two elements (2, 1, 2) and (3, 1, 2) yielding

the two semigroups 〈5, 11, 7, 18, 14〉 and 〈5, 16, 7, 18, 14〉. Thus, there are 14 numeri-

cal semigroups with multiplicity 5 and conductor 14. The four underlined numerical

semigroups are MED semigroups, and the two semigroups with ∗ are symmetric

numerical semigroups with multiplicity 5 and conductor 14. These could also be

obtained directly by using Propositions 3.27 and 3.28.
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