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Abstract. In this study we have examined, involute of the cubic Bezier curve based on the control
points with matrix form in E3. Frenet vector fields and also curvatures of involute of the cubic
Bezier curve are examined based on the Frenet apparatus of the first cubic Bezier curve in E3.
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1. Introduction and Preliminaries

In 1962 Bézier curves was studied by the French engineer Pierre Bézier, who used them
to design automobile bodies. But the study of these curves was first developed in 1959
by mathematician Paul de Casteljau using de Casteljau’s algorithm, a numerically stable
method to evaluate Bézier curves. A Bézier curve is frequently used in computer graphics
and related fields, in vector graphics, used in animation as a tool to control motion. For
more datail using computer graphics see in [8]. In [2] some properties of Bezier curves are
examined. To guarantee smoothness, the control point at which two curves meet must be
on the line between the two control points on either side. In animation applications, such as
Adobe Flash and Synfig, Bézier curves are used to outline, for example, movement. Users
outline the wanted path in Bézier curves, and the application creates the needed frames
for the object to move along the path. For 3D animation Bézier curves are often used to
define 3D paths as well as 2D curves for keyframe interpolation. We have been motivated
by the following studies. First Bezier-curves with curvature and torsion continuity has
been examined in [5]. Also in [10] Bezier curves and surfaces has been given. In [3] planar
Bezier curves and Bishop Frame of Bezier Curves are examined, respectively. Recently
equivalence conditions of control points and application to planar Bezier curves have been
examined in [6]. In this study we will define and work on Frenet apparatus of Bézier
curves in E3. So we need the derivates of them. Recently Bezier-Like curves has been
defined and cubic Bezier curves transitions have been studied in [7]. Also in [9] designing
the ruled surface are examined as a new approach.
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Theorem 1. The set, whose elements are Frenet vector fields and the curvatures of a
curve o (t) C IE3, is called Frenet apparatus of the curves. Let a(t) be the curve, with
n = |la/ (t)|| # 1 and Frenet apparatus are {T (t),N (t), B (t),x(t),7 (t)}. Frenet vector
fields are given for a non arc-lengthed curve

Ca
IO = 1o

where curvature functions are defined by

_ ) o (t) Ao (t)H o <0/ (t) A" (t) ,a’“(t)>

lor I o’ (1) Aa” (1)
Also Frenet formulae are well known as

N(t)=B{)AT(t),B(t) =

T 0 nk 0 T
N | =|-n 0 g7 N |,[4]
B’ 0 -n7 0 B

Theorem 2. The Frenet-Serret vectors fields of the involute o = o (t)+ A (t) T (t) , which

is not an arclengthed curve with ||o/|| =n # 1, based on the its evolute curve o are
7= N N = T TE g LA RB
(k2 +1712)2 (k2 +712)2

The first and the second curvatures of involute o, are

* \/W * —? (g) (1)
A (C—?]t)/ﬁ]’T ~ (c—nt)k (K2 +72)

dt 1
tivel h = .
respectively, where —— = — prs [4]

Generaly Béziers curve can be defined by n 4+ 1 control points Py, Py, ..., P, with the

parametrization
n

s =3 (1) a0 miel. ©)

i=0
In this study we will define and work on cubic Bézier curves which are defined in E3. For
more detail see [1] .

Definition 1. A cubic Bézier curve is a special Bézier curve has only four points Py, P,
P, and Ps, with the parametrization

3
s =Y (Fra-o o). 3
=0

Bt)=1—t)*Py+3t(1—t)*P +3t2(1 —t) P, + t3P;.
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The matrix form of the cubic Bezier curve with control points Py, Py, P», P3, is

-1 3 -3 1 P,
3 -6 3 0 P
-3 3 0 0 P
1 0 0 0 P

ay=[¢ ¢ t 1]

Also using the derivatives of a cubic Bézier curve Frenet apparatus {1 (¢) ,N (¢), B (t) ,x (t),7(t)}
have already been given in [1] as in the following theorems by using matrix representation.
For more detail see in [1].

Theorem 3. The first derivative of a cubic Bézier curve by using matrix representation
18

1 -2 1 Qo
d)y=[t ¢t 1] -2 2 0 Q1 (4)
1 0 0 Q2

with the control points
Qo =3 (P — o) = (20,90, 20) , @1 = 3 (P2 — P1) = (71,1, 21) Q2 = 3(P5 — P») = (2,92, 22) -

Theorem 4. The second derivative of a cubic Bézier curve by using matrix representation

) a"(t):[tu[_ll(l)][gﬂ (5)

with the control points
Ry = 6(P2—2P1+ Ry =06(z1—20,y1 — Y0, 21 — 20) s
Ry = 6(P3—2P+P1)=06(z2— 21,92 —y1,22 — 21) -

Theorem 5. The third derivative of a cubic Bézier curve by using matriz representation
18

o (t) = [RoRy] (6)

with the control points

[RoR1] = R1 — Ro = 2[Q1Q2] — 2[QoQ1] =6 (P — 3P + 3P — Py).

1.1. Frenet apparatus of a cubic Bezier curve

Frenet apparatus {T'(t),N (t),B (t),x(t),7 (t)} of a cubic Bézier curve have already
been given in [1] as in the following theorems by using the matrix representation.

Theorem 6. Tangent vector field of a cubic Bezier curve by using the matriz representa-

tion s
1 1 -2 1 o Yo <o
TH)=—[¢t 1] -2 2 0 Ty 2
N 1 0 0 o Yz 22

where n = ||| .
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Theorem 7. Binormal vector field of a cubic Bezier curve by using the matrix represen-
tation s

bir b1z bi3
[ 2t 1 ] ba1  boo  bog

b31 b32 b33

6
B(t) = -
where [|[o/Ad”|| =

bi1 = yo(z1 — 22) + y1(22 — 20) + y2(20 — 21)
big = —xo (21 — 22) — 21 (22 — 20) — T2 (20 — 21)
b1z = o (Y1 — y2) + 71 (Y2 — yo) + 22 (Yo — y1)
ba1 = 2y120 + Yoz2 — 2y021 — Y220
bgg = 233021 — 2$12’0 — TR + 220
baz = 2x1Y0 — 220Y1 + Toy2 — T2Yo
b31 = Yoz1 — Y120
b3a = w120 — To21
b3z = oY1 — T1Yo-

m

Theorem 8. Normal vecror field of a cubic Bezier curve by using the matriz representation

1S
ni1 N2 N3
6 N21 MN22 N23
J\f(lt):n—m[t4 B2t 1] | na1 ng ns

N41 MN41  N43
N51 MNs1 N53

where

ni1 = biadiz — b13di

n21 = badag — b13dag + baadi3 — bazdio

n31 = biadzz — b13dsze + baadag — bazdag + bzady3 — b3zdi2
n41 = baadzz — bagdsa + b3adaz — b3zda

n51 = baadsz — bazdsz

ni2 = bi1diz — bizdny

ngg = —bi1dag — ba1d13 + b13day + bagdiy

n32 = bazda1 + b3zdi1 — b11dsz — bardas + bi3dsr — b31di3
n42 = —ba1dzz — b31das + bazds1 + b3zdar

ns2 = —b31dss + bazdsy

n13 = biidiz — biadiy

no3 = bi1doa — bi1ada1 + bordi2 — boadiy

n33 = bi1dza — b12dz1 + ba1daa — baaday + b31diz — b3adiy
n43 = ba1dzz — baads1 + b31das — b3adoy

ns3 = b31dsz — b3ads.

Theorem 9. First and second curvatures of a cubic Bezier curve by using the matrizc



S. Kiligoglu, S. Senyurt / Eur. J. Pure Appl. Math, 13 (2) (2020), 216-226 220

representation are

b} + biy + bis
6 2b11b21 + 2b12b22 + 2b13b23
k(t)=—=[t" ¢ 2 t 1] | 2b11bs1 + 2b1abzz + 2b13bs3 + b3, + 03 + b33 |
K 2b21b31 + 2b22b32 + 2ba3b33
b3 + b3y + b3,

(1) = ToY122 — ToY221 — T1Y022 + T1Y220 + T2Y021 — T2Y120
o’ (t) A (1))

2. Involute of cubic Bezier curve

Definition 2. If the curve o which lies on the tangent surface intersect the tangent
lines orthogonally is called an involute of . If a curve o is an involute of «, then by
definition o which is not an arclengthed curve.is an evolute of o*. Hence given «, its
evolutes are the curves whose tangent lines intersect o orthogonally. Let the quantities
{T*, N*, B*,k*, 7%} be collectively Frenet-Serret apparatus of the curve o which is not an
arclengthed curve with ||o/|| = n # 1, [4]. The equation of involute of the curve a has the
following parametrization;

af () =a )+ AO) T (). (7)

Also since A = ¢ — nt it can be written as in the following parametrization

(C — 77t) o
e,

a* (t)=a(t)+

Theorem 10. The involute of a cubic Bezier curve has the matrix form based on the
control points Py, P1, P and P3 of any cubic Bezier curve

~1 3 -3 1 Py
« 3—3u —64+9u 3—-9u 3u P
_ 3 2
of(t)=[# ¢ ¢ 1] 346 3-12u 6y 0O P
14 3p -3 0 0 Py
R e
with pu = P
Proof. Lets,u:(c_nt),since af = a(t) 4+ pa (t)
7
3 65 0| n L2 1T
af = 2 t 1] lp[ t 1] -2 2 0| @
-3 3 0 0 P Lo o o
1 0 0 0 Ps 2
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and Qo = 3(P1 — Py),Q1 = 3(P,— P1),Q2 = 3(P3 — P,) it can be written in matrix
form as in

-1 3 -3 1 Py
R, (3=3u) (=6+9u) (3—-9u) 3u Py
O=1E T S e 12w 6 0 || Py
(1+3u) -3 0 o0 || n

we have its matrix product form as

3PP —FPy -3+ P
P (9p—6) = P2 (9 —3) — Py (3p — 3) + 3uPs (8)
P() (GM - 3) - P1 (12M - 3) + 6/LP2 ’
PQ (3/.L + 1) — 3P1

)=t * t 1]

Theorem 11. The control points of the involute of any cubic Bezier curve with constant
speed, based on the control points of cubic Bezier curve, as in the following way

I, = 3°P,— P, <3c - 1> ,
n n

L = 3°p —p, (C - 1) —2%p,,
n n n
I, = <GC +2> P - P <7C + 1> + EPB,
n n n
Iy = (3C - 2) Ps— Py <15C - 3) +125P).
n n n
Proof. Let Iy, 11, I2, and I3 be control points of involute a*, so we can write
-1 3 -3 1 Iy
3 -6 3 0 1
oy [ 43 42 1
oW =[ # t 1] W 5 0 L | (9)
1 0 0 0 I3

From the equality of the left sides of 8 and 9, we have

1 3 =3 171 [ 2Py — 6P; + 6P, — 2P

3 -6 3 of|n (*3*%>P0+(6+%)P1—<3+%>p2+%]33
-3 3 0 0 Is - %PO_%PZ
1 0 0 0] (1_%>P0+%P1

2 6 6 9

(%) (%) ~Ge) o5 | [

J— n n n n Pl

N % 0 _% 0 P2

(%) % o o |Lm
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using the inverse matrix

IO —1 3 -3 1 - ’ 3c 6 _690 36 9c¢ _j:
L| |3 -6 3 0 Oy Tw) W tw) Ty
Ll | -3 3 0 0 % 0 —% 0
I 1 0 0 0 _ 3¢ 3¢

3 (1 n) > 0 0

222

Py
Py
P
Py

(10)

Theorem 12. The control points of the involute of any cubic Bezier curve, under the

condition % —t = = constant, can be given,

2uPy — pPo — Py (p—1),
uPs —2uP; + Py (n+1),

Iy = 3uP— (3p—1)F,
n o=
L, =
Is = (Bu+1)Ps—3ubs.

Proof. If % — t = u is constant,

-1 3 =31 Py
3 -6 3 0 P
* — 3 2 1
o (t) = [ 2t 1] 33 0 o P,
1 0 0 0 P;
1 -2 1 3(PL— Py)
+p[t2 ¢t 1] -2 2 0 3(Py—P1)
1 0 0 3(Ps— P»)
Hence
-1 3 -3 1 Iy [ —Py+3P, — 3P, + P;
3 -6 3 0 L| | (B3=3p)Py+ (—6+9u) P+ (3 —9u) Py + 3uPs)
-3 3 0 0 L | — (=3 +6p) Py + (3 —12u) P + 6uPs)
1 0 0 0 I3 (1 —3u) Py + 3uPy
! 3 -3 1 Py
_ (3—=3u) (=6+9u) (3—9u) 3p Py
(=3+6p) (3—12u) 6 0 Py
(1 —3u) 31 0 0 P;

using the inverse matrix we can find the control points of the involute of any cubic Bezier
curve with constant p, based on the control points of cubic Bezier curve, as in the following

way:
I 1 3 -3 171" 1
Ll |3 =6 3 0 (3 —3u)
L1~ -3 3 0 0 (=3 + 6p)
I 1 0 0 0 (1—3p)

3
(=6 +9p)
(3 —12p)

3p

-3
(3 —9u)
6
0

1

3p
0
0
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n 00 0 1 ~1 3 -3 1 Py

Li| _ |00 § 1 (3—3u) (—6+9u) (3—9u) 3u Py (11)
I 0+ 21 (=34 6p) (3 —12u) 61 0 P |-

I 11 11 (1 —3pu) 3u 0 0 P;

2.1. Frenet apparatus of the involute curve of any cubic Bezier curve in
E3

Theorem 13. Tangent vector field of involute curve of any cubic Bezier curve is

ni1 N2 N13

6 n21 MN22 N23

T = — [ t4 tS t2 tl 1 ] n31y mn32 N33
i N41 T41 743

N51 N1 153

Proof. We have already known that tangent vector field of involute curve T™ is lineer
dependent N, that is why T* = N.

Theorem 14. Normal vector field of involute o* of any cubic Bezier curve in E3is

(2t 1] 2$1—$0—9€2+%b11 2y1—yo—y2+%b12 221—Z0—Z2+%b13

N* = T 220 — 271 + by 290 — 241 + by 220 — 221 + Slbyy
(k2472)2 61T 60T 6n1
- e b31 — o 032 — Yo 033 — 20
—kT B
Proof. Since N* = LTI, we have
(k24 712)2
1 -2 1 o Yo 20 b1 b2 b1z
_TH [ 2t 1 ] -2 2 0 r1T Y1 21 |+ LW? [ ? ot 1 ] bo1 bogs  bog
NE = r 0 0 T2 Y2 22 bs1 b3z b33
(k2 +72)3
. (2t 1] (-x 1 -2 1 o Yo 20 6r | b1 b1z bis
N* = el fe -2 2 0 r1 Y1 =21 |+ jee ba1  bag  bog
(K +72)2 " 10 0 T2 Y2 22 b31 b3z b33

Hence it is easy to calculate the following result

(2t 1] 201 — 20 — 2+ by 21 —yo — Yo+ Dbyy 221 — 20 — 22 + by
20 - 221 + by 2y0 - 2y1 + by 220 - 221 + Y hyg
T T T
Tisbs1 — o bz — Yo b3z — 2o

N* =
(n247%)
K
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Theorem 15. Binormal vector field of involute o* of any cubic Bezier curve in E3is

(2 ¢t 1] o — 221 + T3 + 22y yo—2y1+y2+;ﬂ’jblg 20 — 221 + 29 + Lipyg

B* = A, 2x1 — 2x0 + %521 2y1 — 290 + T b22 221 =220 + %b%
WW o + s yo + 21 b32 20+ W
Proof. Since B* = L"Bl,
(k24r2)}
1 -2 1] [x0 yo 20 ] b1 b2 bi3
%[ 2 ¢t 1 ] -2 2 0 r1 Y1 21 + % [ 2t 1 ] bo1  bay  bog
o 10 0] [ 22 v 22 | bs1 b3z bs3
(k2 + 7‘2)%
1 -2 1 To Yo 20 bii b2 bis
-2 2 0 T oy oz |+ by bag bog
B [t 1]t 1 0 0] [z vy 2 | bs1 b32 b33
(K2 4 72)7

Hence it is easy to give the proof.

2.2. The first and second curvature of involute o*

Theorem 16. The first curvature of involute a* of any cubic Bezier curve in E3is

*

Kk = 7\/m4 +n (xoylzz — ToY221 — T1Yo22 + T1Y220 + T2Yo21 — 902y120)
m?2(c —nt)

VK2 4+ 72

. m
Proof. Since k" = —————, and £k = —
(c—nt)k n
\/ﬂﬁ + (zoy122—Toy221 —T1Yo22+a1Y220+22Y021 —T2Y120)°
K* . 6 m2
(c—nt) s

(c—nt)k >0,k # 0. It is trivial.

Theorem 17. The second curvature of involute o* of any cubic Bezier curve in E3is

L (/f — K (woy122 — Toy221 — T1Y0Z2 + T1Y220 + Tayoz — x2y1zo))

T (c—nt) (k2 + 72)

m3
P .
oot kT — K'T
(c—nt)k (k2 + 72)
= k — K (Zoy122 — Toy221 — T1Yo22 + T1Y220 + T2Yoz1 — $2y12’0)
m2(c — nt) (k24 72)

Considering the 7% =

equation, we have
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Example 1. Find the involute of the cubic Bezier curve with control points Py = (1,2,3),
P=(1,1,1), P, =(2,1,3),and P3 = (1,—1,0) The cubic Bezier curve has the followow-
g matrix representation

-1 3 -3 1 Py

3 -6 3 0 P

— 3 2 1
a)y=[¢ ¢ t 1] 33 0 o P, (12)

1 0 0 0 P;

The involute o of the cubic Bezier curve «, has the followowing matrix representation

—1 3 -3 1 Py
N 3—=3n —6+9u 3—-9u 3u P
[ 43 42
of (t)=[# ¢ ¢ 1] ~34+6u 3-12u  6u 0 P (13)
1+ 3u -3 0 0 Py
Using control points as
-1 3 -3 1 1 2 3
N 3—3p —6+9u 3—-9u 3u 1 1 1
_ [ 43 42
ar@=[1 ¢t 1] “3+6u 3-12u  6u 0 2 1 3
1+3u -3 0 0 1 -1 0
we have
o (1) = 3+ 6t — 9t + 3t2 — 3t3 — 2,60 — 3t + 6t — 9t + 3t2 — 3t3,
- 24ty — 19 — 6t — 2712 + 12t — 9¢3 '
Also under the condition constant ¢ =n = ||| and p = (1 —t), we can find the special
involute of a as in the following way
[ -1 3 -3 1
3-3(1—-t) —6+9(1—1t) 3—-9(1—1t) 3(1—1)
x _ 3 42
or(t) = [ £ 1] —346(1—t) 3—12(1—t) 6(1—1) 0
1+3(1—1) —3 0 0
[ -1 3 -3 1 Py
3t 3—9t 9t—6 3—3t P,
* _ 342 1
o) = [P 71 T 9 66t 0 Py
| 4-3t -3 0 0 Py
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