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Abstract. In this paper we present some theorems concerning existence and Fatou type weighted pointwise convergence of nonlinear singular

(T,1)(x) =j1<ﬂ (t-x; £ (t))dt, xeR, AeA

integral operators of the form:

where A # (D isasetof non-negative indices, at a common generalized Lebesgue point of the functions f S Ll 4 (R) and positive

weight function ¢ Here, LI, 4 (R) is the space of all measurable functions for which ‘%‘ is integrable on R.

1 Introduction

In [1], Taberski analyzed the pointwise approximation to
functions f € L, <—7Z, 7Z> and their derivatives by a
family of convolution type linear singular integral

operators depending on two parameters of the form:

L,(f;x)= Tf(t)Kﬂ(t—x)dt, xe(-m,7), AeQcR;

where the symbol <—7Z,7Z> stands for closed, semi-

closed or open interval and K, (t) is the kernel

satisfying suitable assumptions.
pointwise convergence of the operators of above type was
examined by Gadjiev [2] and Rydzewska [3] at

generalized Lebesgue points and g/ — generalized

Subsequently, the

Lebesgue  points of function [ €L <—7r,7r>

respectively. Besides, Mamedov [4] and Taberski [5]
obtained significant results on weighted pointwise
convergence of linear singular integral operators. For
some recent studies on singular integrals, authors refer to
[6-8].

Later on, Musielak [9, 10] improved the notion of
singularity to include the case of nonlinear integral
operators of the form:

(L) = [K,(x=y: f@)dx, y G, we A

where G be a locally compact Abelian group equipped

with Haar measure and A # J be an index set with any
topology, via replacing the linearity property of the

operators by an assumption of Lipschitz condition for
K, with respect to second variable. The studies, which

were published until that time, showed that the
singularity of the operators was related to their linearity
[11]. Afterwards, Swiderski and Wachnicki [12]
investigated the pointwise convergence of the operators
of the preceding type at Lebesgue points of the functions

feL, (—72,71').

Nowadays, approximation via nonlinear integral
operators is extensively used in many branches of science
such as medicine and engineering. Especially, effect of
nonlinear integral operators in sampling theory must be
emphasized here [11]. Further, signal and image
processing are two major research fields around sampling
theory. In view of this situation, one may choose to study
the convergence of nonlinear integral operators rather
than the convergence of linear integral operators. For
further studies concerning Fatou type convergence of the
singular integral operators, authors refer to [13-15].

The current manuscript deals with the Fatou type
weighted pointwise convergence of nonlinear singular
integral operators of the form:

(Tlf)(x):IKl(t—x;f(t))dt, xeR, AeA

R
where A #(J be the set of indices, at generalized
Lebesgue point of the functions f € L, ,(R) and ¢.

Here, L, ,(R) is the space of all measurable functions

for which ‘%‘ is integrable on R.

In Section 2, we introduce fundamental notions. In
Section 3, we prove the existence of the operators. In
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Section 4, we give a theorem concerning the pointwise
convergence of (7}, f)(x).

2 Preliminaries

Following [12, 14], let G be the locally compact
Abelian group equipped with Haar measure. In addition,

N(9) stands for the family of all neighborhoods of the
identity element $€G and §, is an accumulation

point of G. Let A#J be a set of indices with any
topology and /10 be an accumulation point of this set in
this topology.

Definition 1.(Class A;) Suppose that the weight
function ¢ : R — R" is bounded on arbitrary bounded
subsets of R and the inequality:

Pt+x)<@d(t)p(x), teR, xeR
holds. We will say that the family of the functions
K, : GxR >R, K, ($,u) is Haar
integrable on G for all u € R, belongs to Class 4,

where

if the following conditions are satisfied:

a) K,(8,0)=0 forevery 3G and A € A.
:G—>R

b) There exists an integrable function L,

such that the following inequality:

K, (t,u)— K, (t,v)| <

holds V¢t € G, Yu,ve R andforeach A € A.
c) Yu e R, we have

lim j K, (t = x5 g(0)dt —u| =0,

(x,)>(x9.4) G

where X, € R is a generalized Lebesgue point of ¢.
d)

hm sup [¢(t)L

=% teG\Q

1)]=0, vQeN(9.
©)

hm{ j AL, ( }: 0, VQe N(9).

G\Q

f) For a given 0, >0, L, () is non-decreasing function
as a function of t on <—51,0] and non-increasing

function as a function of t on [0, > .

9 IPL., o) SM <o, VAeA.

Throughout this article, we assume that G =R and
K, belongs to class 4.

Definition 2. [16] A generalized Lebesgue point of a
locally integrable function g:R —>R is a point
X, € R satisfying

Xo+h

J|g(t) g(xo)|dt—0 0<a<N.

lim 1
h—0 %t

Example 1. Let f : R — R be given by

)= {te_’, te(0, 1‘]

0, otherwise.

It is easy to see that X, =0 is a generalized Lebesgue

point of the given function for @ = —

3 Existence of the Operators

Main result in this work is based on the following
theorem.

Theorem 1. If fel,, (R), then the operator
(TN € L ,(R) and
”(T/If)”zw(k) S||¢L/1||LI(R) ||f||Ll_¢(R)

forall A€ A .
Proof: Using Fubini's Theorem [17] we may write

I, w) j K, (t=2x; f (t))dt|dx

J‘¢()

IA
a
><
\

F(1))=K, (t=x; 0)|drdx

f+ )”’( )L (0)

P+
dx} dt

PO)(x)
P(x)

where the norm of f is given by the following equality

(see, e.g., [4]):

dtdx

“&\ zl-
i ~~

f+x)
#(t+x)

IN

IN
5‘;!_,8 L= fe—3

l—| fe—8 fe—3s

IA

A HLL (R) Hqu 4(R

171, o = Hééﬁ:i

4 Convergence at characteristic points

In this section we prove the Fatou type weighted
pointwise convergence of the operators (7, f)(x), i.e.

the convergence will be restricted to the bounded planar
subsets of R x A. For this purpose, we define the set:
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:{(x,ﬂ,)eRxA : Q5(x,l)<c},

where C is any positive constant and for O values
satisfying 0 < < 9, the function Q; is defined by

Q§ (X,ﬂ) =
Xg+0
a+l
J- L,(t- x){|t x0| +}
<sup >¢(t) e ,
te(xy—0,xy+0 il
+2L,(0)|x — x|
0<a<N.
Theorem 1. If x,€R is a common generalized

Lebesgue point of the functions [ €L, ;(R) and ¢
then

im0 - ()| =0

as (x,A) tends to (x,,A,) whenever (x,ft)eZ.

Proof: Let 0<x, —x<% for O which satisfies
8, >6>0. set 1=|T,f)(x)— f(x,) Now, using

condition (c) of class A, we may write

I=|[ K, (t=x: f@0)dt— £ (x,)

=jKa pﬂmw—jKO—

WACH)
(x

T .f(xo)
+ j K= B pOM [ (5).

Using condition (D) of class A, the following

inequality:
By VOWES
|80 9 (x,)

j K, (- f;(( )) $O))di— 1 (x,)
=1,+1,

AL, (t—x)dt

is obtained. Using condition (¢) of class A;, I, =0
as (x,A) tends to (x,,4,). By the hypothesis, it is easy

to see that the following inequality for /,,

d
) P())dt

1, <& (x,A)+ J' SO f(x)
R\(x)=8,%+6) ¢(t) o(x, 0)

<20, (6 )+ 40|11, sup[b@)L, @)

‘u‘>7

(L, (t —x)dt

S

O ) %),

j Gw)L, (u)du,

holds.
Therefore, if the points (x,ﬂ.)eZ are sufficiently

near to (xo,/lo ), then the first term on the right hand

side of the above inequality tends to zero.
Also, remaining two terms tend to zero by conditions

(d ) and (e) of class A,, respectively. Using similar
method, one may obtain the same result for the case
O<x-x,< %. Hence, the proof is completed.

5 Conclusion

In this paper, the weighted pointwise convergence for the
family of nonlinear convolution type singular integral
operators depending on two parameters is investigated.
This study may be seen as a continuation and
generalization of the previous studies, such as [1, 12].
Since the approximation results and the character of the
kernel function are related, a special class of kernel

functions, called class A¢ , has been defined. Therefore,

the main result is presented as Theorem 1.
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