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ON THE SECOND ORDER INVOLUTE CURVES IN E?

SEYDA KILICOGLU AND SULEYMAN SENYURT

ABSTRACT. In this study we worked on the involute of involute curve of curve
a. We called them the second order involute of curve a in E3. All Frenet
apparatus of the second order involute of curve « are examined in terms of
Frenet apparatus of the curve a. Further we show that; Frenet vector fields
of the second order involute curve a, can be written based on the principal
normal vector field of curve a. Besides, we illustrate examples of our results.

The involute of the curve is well known by the mathematicians especially the differ-
ential geometry scientists. There are many important consequences and properties
of curves. Involute curves have been studied by some authors [1, 2, 3, 5|. Let
a : I — E3 be the C?— class differentiable unit speed curve denote by {7, N, B}
the moving Frenet frame. For an arbitrary curve a € E3, with first and second
curvature, x and 7 respectively, the Frenet formulae are given by [3]

T = kN
N' = —xT + 7B (0.1)
B’ = —7N.

The tangent lines to a curve a generate a surface called the tangent surface of «.
A curve o, which lies on the tangent surface of a and intersects the tangent lines
orthogonally is called an involute of . The equation of the involutes is,

a,(s) =als) + A(s)T(s), A(s)=c—s, ceR, (0.2)

where ¢ is constant, [3]. The relationship are between Frenet apparatus of this
curves as follows, [5].
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T =N
—K T
N, = \/HQ +7‘2T+ \/Iiz +7‘2B (03)
K
B, =

_\/,%2—i—72T+\/.%24—7237
and

_VETE ey

= (c—s)k’ Tl_(c—s)/ﬁ(/ﬂ2—|—72)'

(0.4)

For any unit speed curve « : I — E3, the vector W is called Darboux vector which
is defined by [2]

W =7T + kB. (0.5)
If we consider the normalization of the Darboux C' = MW, we have Figure 1
o T

E—

kB

FIGURE 1. Darboux vector

sinp = T S— , COSp = n S (0.6)
VEZ+ 72 W VeZ+r2 o [W|
and
C = singT + cos pB (0.7)

where Z(W, B) = ¢, [4]. Substituting the equation (0.6) into equation (0.3) and
(0.4), we can write [1],

T =N
N, = —cos T + sinpB (0.8)
B, =singT + cos pB,
and
sec @
= = . 0~9
Kl )\ ) Tl )\F;/ ( )
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1. SECOND ORDER INVOLUTE CURVE

a, : I — E3 and a, : I — E? are the arclengthed curves with the arcparameters
s, and s,, respectively. The quantities {T,, N,, B,,x,,7,} and {T,, N,,B,,K,,7,}
are collectively Frenet-Serret apparatus of the curve «, and the involute «,, respec-
tively. «, has the parametrization with arclength s as the involute curve of « (s).
Also «, has the parametrization with arclength s as the involute curve of «, (s),
hence we can give the following definitions in terms of the parameter s. Let «, (s,)
be the involute of the curve «, (s) then we have the following equation

o, (s) = o () + M T, (s). (L1)

i |

I

FIGURE 2. Involute of involute of the curve «

Theorem 1. The distance between corresponding points of the involute curve o
and its involute aa curve is

Al =c — /)\I{dS, c1 = constant,Vs € I. (1.2)
Proof. Differentiating (1.1), we can write
d
= 1,72 = MRl + (M + )N + ArB
s

where T, = N and (T, T,) = 0 is. If we multiply internal both sides of the equation

with T, we have,

M +A=0
= )\1/ = -k
= AN =c — /)\/{ds

where ¢; € R and ¢; is constant. O
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Substituting the equation (0.2) and (0.3) into equation (1.1), this give as following
definition:

Definition 1. o : I — E3 be an unit speed curve. If o, is an involute of a and «,
is an involute of o, then the curve o, is called second order involute curve of a.

a, (s) = a(s)+ As)T (s) + A1(s)N (s) (1.3)
is the expression of the second order involute curve .

Theorem 2. The Frenet vector fields of the second order involute «,, based in the
Frenet apparatus of the curve a are

—K T
T, = T + B

Wi
N, = (7*nT + |[W|*N + kr°nB)

W[/ IW 6 + (r2n)? (1.4)

1
B, = (IW|*rT — 7°nN + |W|*kB)
W6 + (r2n)

Proof. It is easy to say that Frenet vectors of the second order involute «,, based
on the Frenet apparatus of the curve «, are

T, =N,
N =

—K T
! T, + S B,
2 \//-g12+7'12 \/Hli—FTf (1~5)
-
B, = L T + L B,.
2 VR 2+ T2 ! VR 2+ T2 !

Substituting (0.3) and (0.4) into equation (1.5), we have

TN — —kT +7B B —kT +7B
: Y VRZ 2 wi

-k, T B -1
N, = iy T8 (737’LT+ \|W||4N+/$T2nB)

2 2
VR T, [W\/I[W[6 + (72n)?

and
_ 7.1, + K, B, _ 1
2
VEET W + ()

(IW|*rT — 7nN + [|W|*kB) .
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where |[W|| = V% + 72 and (£)" = n # 0, which has the following matrix form

iy 0 )
T2 1 _ 3n _ HWH4 B ot T
Nl =qwg | VIV VI VIWEs e
i B
2
[WIFr s [
VIWIE @7 VIWIEEEe?  VIWIE+ )’
(1.6)

Theorem 3. The first and the second curvatures of the second order involute a,
based on the Frenet apparatus of the curve a are respectively.

4.2 2n !
e e () .
’ Nwle T MWW+ mn?) '

Proof. In order to calculate the curvature and torsion of the curve «,, we differen-

tiate

a,) = —kMT+ 1M B,

0," = (= KA = AT — [WIEAN + (/A1 + Awr) B, (18)

2

o, = (= K'A\ — k& = K|WI[PA)T — (A&3 + [W]2 X6 + kAT2)N
+(7" M1+ W *Mi7 + AsT’ — k7) B.

The curvature of second order involute «, is
!/ 1"
ey A e

2 ’

flev,"?

2
- [Iwle+ ()
: WS

Also it is easy to say that, the torsion of second order involute «, is

det{a2/’ a2 N? a2”’}

’ ly a2
4,2 2n !
o " (HWII3)
’ MWILAW® +74n?)
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Theorem 4. Let unit Darboux vector field of involute o, be C,. This vector is
expressed in terms of Frenet apparatus of the curve o

1
C, = fetangaT—Hp’N—i—B) (1.9)

o+ (rsec)?

Proof. The vector C, is the direction of the Darboux vector W, of the involute
curve o, we can write

C, =sinp T, +cosp B, (1.10)

where

KZI Tl (
. S— S S— 1.11)
VK2 T2 VR T2

Substituting the equation (0.9) into equation (1.11), we can write

cosp, = singp, =

/

¥ .
cosp, = , sing =

' + (K sec )2 "% + (Ksecp)?

K sec ¢

(1.12)

Substituting the equation (1.12) and (0.8) into equation (1.10), proof is complete.
(]

Theorem 5. Let unit Darboux vector field of second order involute curve as be C,.
This vector is expressed in terms of Frenet apparatus curve a

- L ((—(5 cos© + sin )T + MN + (_5 sin ¢ -+ cos )B) (1 13)
T i e G prEREE)
where
5= ( @' )/ o2 + W2 andn: (%)%;05@(0*8).
o2 + W] Wi ¢ + W]

Proof. The vector C, is the direction of the Darboux vector W, of the second order
involute curve o, Hence we have
-
C, = T, + B,, (1.14)
T YR

Substituting the equation (1.4) and (1.7) into equation (1.14), we can write

K2

K} 2
C, = 72((—500&,0 +sing)T + %N + (—dsinp + cos<p)B>,
V1tn ¢'lc— s

is complete proof.
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Corollary 1. The Frenet vector fields of the involute curve a,, can be written as
the principal normal vector field on the curve «

N/
T =

N, N, =———, B, =T, AN,. 1.15
1 ’ 1 HN,||7 1 1 1 ( )

Corollary 2. The Frenet vectors of the second order involute o, are expressed
based on the Frenet apparatus of the curve a are

T, = —cos T +sinpB
N, = @' sin T K S€C N4 ' cos B
\/<p’2—|— (ksecyp)? \/gp + (Kksecp)? ©'? + (Ksec p)?
t /
B, K tan ¢ T ® N K B
\/(,0 + (ksecp)? \/gp + (ksecp)? \/go + (ksecp)?
(1.16)

Corollary 3. The Frenet vector fields of the involute curve a,, can be written as
the principal normal vector field on the curve «

( - )I
_ N’ _ HN’H —T AN.. (1.17)
2 VR NZN 2 2 2
i H( %’H)/

Corollary 4. The first and the second curvatures of the second order involute a,
of expression according to o are

[ 12
@'+ (ksecp)?
K, = A =c1 — //\IidS

2 A1k sec

(1.18)

2
A ( 4 )’ K S€C
~ Aisecy \Kksecp )

©'? + (Ksec p)?

Example. Let us consider the « curve, o, and a,, respectively

Q
—~
Vo)
~—
I

(s sin(s), s cos(s), 52),

a,(s) = (2 sin(s) 4+ 2s cos(s) — 5% cos(s), 2 cos(s) + 2ssin(s) — s%sin(s), 4 — 52>,
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a,(s) = (4 cos(s) + 11s% cos(s) — 165 cos(s) — 2ssin(s) — 6s° sin(s) + 95 sin(s)
—25% cos(s) + s* sin(s) + 2sin(s), —4sin(s) — 11s? sin(s) + 16ssin(s)
—2s5cos(s) — 65% cos(s) + 9s% cos(s) + 25% sin(s) + s* cos(s) + 2 cos(s),
4145 - 25" 1 11s%)

where ¢ = 2. In terms of definitions, Figure 3 follows

) ‘ { ~—» @, is involute of &,

, \\‘0-'1 1s involute of ¢

FIGURE 3. «, o, and a,- curves
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